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Week in Review 
Math 152

Week 03

Common Exam I Prep
(5.5 - 7.1)



Common Exam I Prep

Rewrite :

Id 𝑓 and 𝑔′
• 𝑓 =  
• 𝑔 = 
• 𝑔′ =

 
u-sub

complete substitution
for the limits

Evaluate the integral:

0

𝜋
sin 𝜋 − 𝑥2 𝑥𝑑𝑥  

𝑓 = sin 𝑥 
𝑔 = 𝜋 − 𝑥2 
𝑔′ = −2𝑥 

𝑢 = 𝜋 − 𝑥2 
 𝑑𝑢 = −2𝑥𝑑𝑥

        ⇒ 𝑥𝑑𝑥 = −
1

2
𝑑𝑢

𝑥=0

𝑥= 𝜋
𝜋−02 ⇒

𝜋− 𝜋
2

 

𝜋

0
sin 𝑢 −

1

2
𝑑𝑢   

 =
1

2
0

𝜋
sin 𝑢 𝑑𝑢 

 =
1

2
− cos 𝑢 0

𝜋

 =
1

2
− cos 𝜋 + cos 0 = 1 

𝑎

𝑏
𝑓 𝑥 𝑑𝑥 = − 𝑏

𝑎
𝑓 𝑥 𝑑𝑥 
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𝑢 −sub : 𝑢 = 𝑥2  ⇒ 𝑑𝑢 = 2𝑥𝑑𝑥    

 =
1

2
1

4
ln 𝑢 𝑑𝑢 

 =
1

2
𝑢 ln 𝑢 − 𝑢 1

4

 =
1

2
4 ln 4 − (4 − 1)
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𝐴  = 1 − 𝑥2 𝑑𝑥  

𝑑𝑥

(1 − 𝑥2)

𝐴  = 𝑥2 − 1 𝑑𝑥  

𝑑𝑥

(𝑥2 − 1)

𝐴 = 2−

−1
𝑥2 − 1 𝑑𝑥 + 1−

1
1 − 𝑥2 𝑑𝑥 1 +

2
𝑥2 − 1 𝑑𝑥 
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Plot

Slice
 𝐴  ⩶ = 6 − 𝑦 − (𝑦2) 𝑑𝑦
Intersections
6 − 𝑦 = 𝑦2 
𝑦2 + 𝑦 − 6 = 0 

𝑦 − 2 𝑦 + 3 = 0 
𝑦 = −3,2 
Area between curve

3−

2
6 − 𝑦 − 𝑦2 𝑑𝑦 
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Plot

Slice
 𝑉  = 𝜋 𝑒𝑥 2𝑑𝑥 
             𝜋𝑒2𝑥𝑑𝑥
limits
 𝑑𝑥 ∈ 0,2  
Volume

0

2
𝜋𝑒2𝑥𝑑𝑥  

 = 𝜋
1

2
𝑒2𝑥

0

2

 =
𝜋

2
𝑒4 − 1 
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Plot

Slice

𝑉 = 2𝜋 4 − 𝑦 0 − [𝑦2 − 2𝑦] 𝑑𝑦 
limit
 𝑑𝑦 ∈ 0,2  
Volume

0

2
2𝜋 4 − 𝑦 2𝑦 − 𝑦2 𝑑𝑦  
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Plot

Slice

𝑉  = 2𝜋 𝑥 − (−1) cos 𝑥 − sin 𝑥 𝑑𝑥 
limit

 𝑑𝑥 ∈ 0,
𝜋

4
 

Volume

0

𝜋/4
2𝜋 𝑥 + 1 cos 𝑥 − sin 𝑥 𝑑𝑥  
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0

𝜋
𝑥 sin 𝑥 𝑑𝑥 

 = 0

𝜋
𝑥 sin 𝑥 𝑑𝑥

= − 𝑥 cos 𝑥 0
𝜋 + 0

𝜋
cos 𝑥 𝑑𝑥  

= − 𝜋 cos 𝜋 − 0 0
𝜋 + sin 𝜋 0

𝜋 
= 𝜋 

𝑢                    𝑣′ 
  𝑥                sin 𝑥

𝑢′ 

1

+

−

𝑣 

− cos 𝑥

𝑢----L  I  A  T  E----𝑣′ 
               𝑥 sin 𝑥 
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Plot

Slice

𝑉  = 𝜋 5 − 𝑥2 2𝑑𝑥 − 𝜋 1 2𝑑𝑥 
               𝜋 5 − 𝑥2 2 − 1 𝑑𝑥     
Limit
5 − 𝑥2 = 1 ⇒ 𝑥2 = 4 ⇒ 𝑥 = ±2 
 𝑑𝑥 ∈ −2,2  
Volume

2−

2
𝜋 5 − 𝑥2 2 − 1 𝑑𝑥  

= −

𝑑𝑥
𝑑𝑥
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Plot

Slice

𝑉  = 𝜋 𝑦2 2𝑑𝑦 − 𝜋 𝑦3 2𝑑𝑦 
               𝜋 𝑦4 − 𝑦6 𝑑𝑦     
Limit
𝑦2 = 𝑦3  ⇒ 𝑥 = 0,1 
 𝑑𝑦 ∈ 0,1  
Volume

0

1
𝜋 𝑦4 − 𝑦6 𝑑𝑦  

 = 𝜋
1

5
𝑦5 −

1

7
𝑦7

0

1
= 𝜋

1

5
−

1

7
=

2𝜋

35

= −𝑑𝑦 𝑑𝑦

𝑥 = 𝑦2

𝑥 = 𝑦3
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𝐹(𝑥) = 𝑘𝑥 
𝑑𝑊 = 𝐹 𝑥 𝑑𝑥 = 𝑘𝑥𝑑𝑥 
Work done from 𝑥0 to 𝑥1 (from resting length)

𝑊 = 𝑥0

𝑥1 𝑘𝑥𝑑𝑥 =
1

2
𝑘𝑥1

2 −
1

2
𝑘𝑥0

2 

 
Work done from 14 to 18 (spring length)
 Work done from 4 to 8 (from resting length)

 24 =
1

2
𝑘82 −

1

2
𝑘42 

       =
𝑘

2
(8 − 4)(8 + 4) 

      =
𝑘

2
4 ⋅ 12 = 𝑘24

𝑘 = 1 
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0
𝑑𝑥

𝑥

90

10

Work = (Force)x(distance)
 =(weight)x(distance) 
Force (weight) of the remaining cable(length = 𝑥)

10

90
=

𝑤

𝑥
 ⇒ 𝑤 =

1

9
𝑥 

Work needed to lift the remaining cable(length = 𝑥) by 𝑑𝑥 

 𝑑𝑊 =
1

9
𝑥 𝑑𝑥

Work needed to lift the cable by 30 ft: 𝑥 ∈ 60,90

 𝑊 = 60

90 1

9
𝑥 𝑑𝑥 =

𝑥2

18 60

90

 

  =
902−602

2⋅9
=

(90−60)(90+60)

2⋅9
 

  =
30⋅150

2⋅9
=

3⋅10⋅3⋅50

2⋅9
= 250
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Plot

Slice

𝑉  = 𝑦 − 2 2𝑑𝑦 
limit
 𝑑𝑦 ∈ 0,2  
Volume

0

2
𝑦 − 2 2𝑑𝑦  

 =
1

3
𝑦 − 2 3

0
2 

 =
1

3
0 − −2 3

 =
8

3

𝑑𝑦

2−𝑦

2
−

𝑦−2

2
 

2−𝑦

2
−

𝑦−2

2
 

𝑦 = −2𝑥 + 2
𝑦 = 2𝑥 + 2
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𝑢                        𝑣′ 
atan 𝑥                 1

𝑢′ 

1

1+𝑥2

𝑣 

  𝑥

+

−

Evaluate  tan−1 𝑥 𝑑𝑥 by the tabular method

Hint:  tan−1 𝑥 𝑑𝑥 =  1⋅tan−1 𝑥 𝑑𝑥 

𝑢----L  I  A  T  E----𝑣′ 
       tan−1 𝑥   1 

0

1
tan−1 𝑥 = 

                        = 𝑥 tan−1 𝑥 0
1 −

1

2
ln 1 + 𝑥2

0
1 (𝑢-sub)

        = tan−1(1) − 0 −
1

2
ln 2 − ln 1  

  =
𝜋

4
−

1

2
ln 2   

𝑥 tan−1 𝑥 0
1 − 0

1 𝑥

1+𝑥2 𝑑𝑥 
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𝑣 

 −𝑒−𝑥

  𝑒−𝑥

 −𝑒−𝑥 

𝑢′ 

2𝑥

2 

0  
−

+

𝑢                    𝑣′ 
  𝑥2               𝑒−𝑥  

𝑢----L  I  A  T  E----𝑣′ 
 𝑥2    𝑒−𝑥  

−

+

0

1 𝑥2

𝑒2 𝑑𝑥 = −𝑥2𝑒−𝑥 − 2𝑥𝑒−𝑥 − 2𝑒−𝑥
0
1 

  = −𝑒−1 − 2𝑒−1 − 2𝑒−1 − −2  
  = 2 − 5𝑒−1
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Plot

Slice

𝑉  =
𝜋

2
16 1 −

𝑦2

9
𝑑𝑦 = 8𝜋 1 −

𝑦2

9
𝑑𝑦 

limit
 𝑑𝑦 ∈ 0,3  
Volume

0

3
8𝜋 1 −

𝑦2

9
𝑑𝑦  

 = 8𝜋 𝑦 −
1

27
𝑦3

0

3

 = 8𝜋 3 − 1
 = 16𝜋

𝑑𝑦
𝐴 𝑦 =

𝜋

2
𝑥 𝑦 2 
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The tank shown is full of water. Find the work required to pump the water 
out of the spout. (Use 9800 𝑁/𝑚3 as water density)
• Step 1 : plot a graph in the coordinate system (tank shape vs depth): 

Set the top of the tank = 0

• Step 2: Slicing the tank by 𝑑𝑥 height (Set the top = 0) and consider a 
slab at location 𝑥 (to be lifted by 𝑥 )
• Find the volume of the disc at 𝑥 

• 𝑑𝑣 = 𝜋(102 − 𝑥2)𝑑𝑥
• Step 3: Find the weight of water within the disc (=force, 𝐹)

• water weight = (water volume)x(weight density)
• 𝑑𝐹 = 𝜌𝑑𝑣 = 9800𝜋(102 − 𝑥2)𝑑𝑥

• Step 4. Find the work done by pumping the water disc 𝑑𝐹 lb by a 
length of  𝑥 + 2fts (due to spout).
• 𝑑𝑊 = 𝑑𝐹 𝑥 = 9800𝜋(102 − 𝑥2)𝑑𝑥 (𝑥 + 2)
 = 9800𝜋(102 − 𝑥2)(𝑥 + 2)𝑑𝑥

• Step 5. Find the total work by integrating 𝑑𝑊 (Limit ??)

• 𝑊 = 9800𝜋 𝟑

10
(102 − 𝑥2)(𝑥 + 2)𝑑𝑥

𝑦2 = (102 − 𝑥2)

−2

3 10

𝑑𝑥

102 − 𝑥2 

𝑑𝑥

𝑉  = 𝜋𝑟2𝑑𝑥 

= 𝜋 102 − 𝑥2 𝑑𝑥

10

2

7
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Rewrite

 𝑥5𝑒𝑥3
𝑑𝑥 =  𝑥3𝑒𝑥3

𝑥2𝑑𝑥  

𝑢 −sub 

𝑢 = 𝑥3  ⇒ 𝑑𝑢 = 3𝑥2𝑑𝑥    ⇒ 𝑥2𝑑𝑥 =
1

3
𝑑𝑢

 𝑥3𝑒𝑥3
𝑥2𝑑𝑥 =  𝑢𝑒𝑢 1

3
𝑑𝑢  

 =
1

3
 𝑢𝑒𝑢𝑑𝑢

 =
1

3
𝑢𝑒𝑢 − 𝑒𝑢 + 𝐶 

 =
1

3
𝑥3𝑒𝑥3

− 𝑒𝑥3
+ 𝐶

Evaluate  𝑥𝑒𝑥𝑑𝑥 
𝑢----Logarithmic, Inverse trigonometric, Algebraic, Trigonometric, Exponential----𝑣′ 
                                                                              𝑥 𝑒𝑥

    𝑢′-- 1                                              𝑒𝑥--𝑣  
 𝑥𝑒𝑥𝑑𝑥 = 
    𝑢𝑣′𝑑𝑥 =  𝑢𝑣 −  𝑢′𝑣𝑑𝑥

 = 𝑥𝑒𝑥 − 𝑒𝑥 + 𝐶   

𝑥𝑒𝑥 −  1 ⋅ 𝑒𝑥𝑑𝑥 



Extra materials
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