TEXAS A&M UNIVERSITY
;‘Illw Math Learning Center

Math 308 — Week-in-Review
Week 12: Final exam review

FINAL EXAM REVIEW

Exercise 1

Find the solution. Where is the solution defined?

y —ty*=t,  y0)=1.

Ay _ 2
Tz—- Jc(l+j )

A
I+

dvctan (7) = —2, ILl*’C—

g = dan (FH7)

9[0) = f‘ah(c) = |

c="

9(1‘) = ‘/‘Am(% L‘Z+J}Eﬂ
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Exercise 2

Find the general solution.

(sin(z) + z%e¥)y’ + ycos(z) + 2re¥ —2 =0

(7co>(x\) +7 % e,'j—2> “"(siw(s()-l-xzey)y\ = 0

M.7 = o) +2x e’ = M, = o5 +2xe’ ‘Aﬂd_

(f}x = j(@&(%) +er,’-?, y/: ys;.,‘é,a_;-xle,y—Zx +C(7)
=)
(713 = S ) +X 69 ‘71/:_ ysm(x} + xza7 +C (x)

Focy :(7”““‘3 +x*e_2x = ¢ 7
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Exercise 3

Without solving the equation, determine where a unique solution is guaranteed to exist.

In(t)y" — y' + tan(t)y = V6 — ¢, y(6/5) = 16/5.

W ‘ \ lL‘Au (‘é) 6 - t
- j + —
T [« &) [ 18

77,.4«' ex3ts o uuizuo So[u“ww on 7LL¢, 7w{6'/w( (’, 7177,>.
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Exercise 4

Consider the differential equation
y =y’ —5y° + 6y.

(a) Find the equilibrium solutions.
(b) Plot the direction field.

e Draw a few example solutions on the direction field.
(c) Draw the phase line diagram.

(d) Determine the stability of each equilibrium point.

(#) j\ =0 = j(71-57 +4> =j(y -Z>/y~3>

B
{  /
& - -7
o S ~ S
/AZ yd / /
NN N N
(C—> ““‘—f“\—-—f*__,——-__)
o 2 3 j

(”0 O awd 3 ave qus{‘at(ﬂ
2 s @sjmfmu//?) stable
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Exercise 5

Suppose you take out a $20,000 loan with a 7% annual interest rate that is compounded continuously.
Suppose you pay $300 per month on the loan. Write down a differential equation to describe the amount

of the loan. How long will it take you to pay off the loan?

L(é): /ﬂdn amount (7w $)
é-:. -é;‘m{, (in jea«r9>

-f%:- = 0072 — 3600, L (o) =320 000

\
/u,[._ —0-02/uL = "3600/1,

/(u. . _~—O0.07¢t
—ﬂ-—ff—:-@_@?{u =) /.L({")-e,

L/ oon
*It‘(e, “ t[((—)) = = 3600 9°7F

~O.02 ¢ _
e L) = 2600 e O.02¢
O.07F

+ C

LU-) - 3¢o00 . c60.07e
O. 07
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_ 3600
L{o) = +¢ = 20,00
O0.0?

3600

O0.0A2

3500
= + 3600 0.0
L&) = 555 + (29000 - 2602) oom¢

Loau 'S Fzzm(v o# wLu-» L(+)=0

5600 3500> oo7¢
_— + 2 O — =
0.07 [ G000 -==)e &<

o.07¢ = 600
e — 0.0 #

3400
,0 007

— 3¢ 00

———

— ' O0.0F
0.07 Z“'

Eay
20, 000 — 3622 A
.07
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Exercise 6

Find an integrating factor that makes the following equation exact.

(Bzy +y?) + (2* +2y)y’ =0

/),(, 0m[:7 aee;oewls on X - fc Ou(] a(;a,oe,w(;s on y?

A = () i _ . (M2t

3 3% +Zj ‘(7x+]>

_/u x7'+><7

_ Sx +2 —Zx-j

)
x(x+y)

— . X*J

a (x(><~é73>

()

=
Apesu "{'af@ew‘ ou,j /

Page 6 of 15



T TEXAS AGM UNIVERSITY Math 308 — Week-in-Review
i Math Learning Center Week 12: Final exam review

Exercise 7

Find the general solution.
u +4u +4u=0

r-+4-+4=0
(V‘*‘Z}L:O
r=-2

2t £

-2
+ ¢, te

u,éé) = G e
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Exercise 8

Find the general solution. Prove that it is indeed the general solution.

v+ 4d +5u=0
T
r +1’{v-""5 =0

po 1% Jl6-u(s) C o -y

A 4

=-2t%:—2td

-2¢ -
uld) = C,e cos (+) +c, e u—s;w (+)

U ) = —2e ¥ le) — o s (L)

Ui(E) = <20 e D) + &% 105 ()

L(I[0> U, [0) ' O

«, ©) (,(,\ (0) ¢

W[:oc, )q,,](0> =

{

\
W
G

20, d, awl w. Ao a Lundesestel set of

Go(cf“ ow s, 1.€. > C, U, +«¢, U, (9 7L[u, jeh Cvtc( $o(b+i0u.
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TEXAS A&M UNIVERSITY
:‘FW Math Learning Center

Exercise 9

Find a particular solution to
t2y" — 2y = 3t2, t>0,

given that t2 and ¢t~! are solutions to the corresponding homogeneous equation.

3\\‘ Zf-lj =3

W o L? é-c/
[LL )_{ ](‘4)3 24 __é-z

Dald)
I I

j{’ KWL) =
J Wy J @ J Wiy, .30

= e é"ffut
= ¢ z (w ('LL) -4 -1 ’é-é 7 (we jus‘{’ wawt one /Dm‘f"cu(a.,
Solution, % Hu tC doecsu '

¢ lald) - Lt nether)

——
\
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Exercise 10

Find a particular solution.
y" — 3y — 10y = 2% + 1

y-—3r —/0 =0

(V'~5> (y--('2> =0

r:’ _2)5

_2¢ 5¢
jh/('/) = e +ce

j)o&) = AiLe®t + B
Jpt) = 5445t + Aot
Y = Z5Ate>" + 54 + 5A = 2S A4 5t 4 1045t

Flu] )VJ'v J'.# &1 .

Z5ALE 045t - 3(5 AL 45¢) -0 (45 +B)

5¢
=2 +]
W‘F/OA‘QS&-W-3/4¢5£M/OB
= e’S{’_‘_}
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Exercise 11

Suppose there is a 20N mass hanging on a spring. When the mass was attached to the spring, the
spring stretched by 30 cm. When the mass is moving 3m/s, it experiences a damping force of 12 N.
There is an external upward force of 7N acting on the mass for the first 9 seconds, after which there
is no external force. Initially the mass sent into motion with a downward velocity of 40 cm/s from the
equilibrium position. (Use g = 10m/s?))

(a) Write down an initial value problem that describes the motion of the mass.

ZON
m = /OM/SL - ij

eV _ gy N
7= 3.k 9l:;Z

=g _ 2oM _ zooy

Zat+Hu + 8220 = 2« 2, (4)

wlo)=Om , (D)= O.Hwmss

(b) Is the system over, under, or critically damped?

wgcé"vﬁ unde~ S{Maw’;" )

ZV’1'+L'(V + -2?0-0 =0

So C.our(zs(- r”é’s .

= zU.wfe'/aCaW,oéj
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Exercise 12
Solve the initial value problem. /

y' =3y +2y=wu(t), y0)=0, ¢ (0)=0.

-5

s Zst) —5(j('0) —11\./0) "3(5)’(9 —7(/0»*2 Ye)= S
J s

S

(5 ~ 3s *23715) = £

S

-5 ' - ‘5/ ( j
>/CS) = & (5(5 Z.3§+Z)>_6 (S(S—O(s*l)

[= Al—1)(6-2) ¢ BsG-2) +C sCs-1)
| = 2/4 = A—C yz.
=-0 = B=-|

l=2C = ¢c=Y

) Y ( l/
= e — = + ks >

9 &) = «, (-l-)(‘?l,’ - eé_l + 1 e,Z(+_/)>

2
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Exercise 13

Using the definition of the Laplace transform, show that £{t} = %
S

co
_ -5t w=t
= He) e f Lot
o o
==L/ lie p~s5t_ )_; ~st
5 (o ® o) <=

(1

Av=¢ 5’[;(;{—
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Exercise 14

Find the general solution in the form of a power series centered at x = 1.

y"' —xy =0.

o0 ad
[ \ = -— w \ n-| W = -
j x hé) @ (X /) 7 (X) = Z—' Vbau [K") y ()() = Zn(h-;) au[x_)) :

n=1

e oo
Zn(u'/) a.\(X—-I)m‘Z_ % i_dn (x—))n = O
h=2 A=0

- (Y‘/"">Zah (x-N"=0

h=o
- oo
o (X—/>Z 2, (x"l)n — Z Xy, (X-’BM— = O
n=0 <o

] - L ax-) -2 a ey = O

h=0 h=6

0 " -~
XN
Z (h*z)(“*')“—nn,(x—l) *Zdn_; (x-/) n_ Z a, (x- 1) v = @
- h= wWw<eo

w=0

i 0 co
Za. Z(n-fl)(h+13 a, ., (x- /Y‘—-Z e (x-1) — a,—2 a.(x-1)=0
w=1 ncl

W=

241—40 - Z [Cu+z.)cu+1)4“+z — 4%_, -—4"\] =0

w=I{
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Exercise 15

Find the general solution to the system of differential equations.

-;'()\: | —-L{]z
L[ —

I‘Zﬁ—ér +9 =0
(r+3) =0
==3

‘6{]04.\/&0‘1"/‘ 'l[0v~ r=-3:
4 -
g4 -y
- 3. _ - (

3;[3'],}‘[11

jfuewt(:z-cﬂ, egewcdwi
Y “"]'ﬁz[l]:> L/’?,‘L/’7.,_:/ ‘:> 7,:. ‘:{L-r-?_b
b -4 4Z )

2 - ‘2/'1’("77- ‘[V " [

1 [”7, _Y’ ;] /z(']

_ =) 13,773, =0 = €.=§z

WAy
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