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AlM Common Exam |l Prep. Part I

1. Afier long division, % =4+
(a) A= r* and B = 42° — 3
(b) A=z*+4and B=—-3
(o) A=1and B =5r+1
(d) A=0and B =1
() A=x*+5rand B=x+ 1

B

IR What are A and BY

A = Quotient ;
A=x*+4,

B = Remainder
B =-3



AlM Common Exam |l Prep. Part I

la?

. 1
2. What would be an appropriate substitution in order to evaluate [ T i
Jovrs + 1l

(a) @ =>hsectl —5
by @ =bhsind +5
(e} o= 5Htand

(d) &= 25secl

1 1
fe) o =25sinl—5 =
Vx2+10x  Vx2+10x+52—52
1

~ J(x+5)2-52

e Trigsub forvx? +a? = x =atané

asec6

e Trigsubforvx? —a? = x
e Trigsubforva? —x2 = x =asin0

x+5=5sect
x =5secd —5
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3. BEvaluate the improper integral [ _ ! — .
Jea{lna)d
() _ 3
T g3
(b} The integral diverges. |mpr0per integral W/ d U'SUbable integrand
. ]
Y 3(n ) -
oy L ——dx = lim |, ——dx
(d) == f5 x(ln x)4 N—oo f5 x(ln x)4
.03
a5

U-sub:u =Inx = du = idx
fsz fu=lnN
u=Ilns

N—->oo 3u3 ln5

) 1 1
]\lll—l;rolo l_ 3(In N)3 + 3(In 5)3]
1

3(In 5)3
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L. The [ollowing recursive sequence is bounded and increasing, Find the limit of the sequence, il it exists,

15

a1 =4, dpe] =8-——.

fn
fa) 8
by 4
fc) 3
(dy 5

(&) The sequence diverges,

Bounded and increasing = Converges to the least upper bound
Since lim a, = lim a,,,; = a,

n—>00 n—>00
: . 15
lima,;; = lim (8 — —)
n—oo n—oo an
15
a=8——

a
a’—8a+15=0
(a—3)(a—5)=0
a=3,5
Since a,, isincreasing, a = 5
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5. When applying the comparison test [or improper integrals, which of the following statements is true regarding

cos(x) + 6

o0
[ 5 !
Ja a
w0 ) ] i ] 0
. cos(x) + G , cos{z)+6G 5 51
(a) : dr diverges because . <= — and = dr converges,
) ] a 3 3
J2 i J o 2 £
% y . ( . £
o cos(x) + 6 , cos{xz)+6 5 5
(b ————— du diverges because ———— = — and — dir converges.
L 3 -3 v -
J2 M o o Ja o
) * cos(z) + 6 cos(x) + 6 5 5 .
(o) 5 dr converges because 5 < —3 and 5 dr diverges.
1 - o e . x
) " ¥ 3 - = -
o cos(a) + 6 cos(a)+ 6 T =
id) ———— dr converges becanse ——— < — and — dr converges,
Ja a a o ot
& " v v - = -
. . ) + s l:l LG 7 o ;
. cos(x) + 6 Ccos(
(e) ———— dr couverges becanse ————— = — and — dr converges.
L e o 3 .z

5 Cos x+6 7 o k
Note that 5 < —=— < — where /, —dx <ooforanyk >0 (p test)
o 5 00 COS X+6 co 7
S, zdx <[, ——dx <[, Sdx <o

0 COS X+6

In particular, [, —3—

2

7
dx < [, Sdx < o
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=oan+l
6. Find the sum of the geometric series Z &T
(a) 3
. . n n
(b} The series diverges. 0 3-3M _ 0 3 — 3
o icq = Die13 " where a,, = 3 ”
F 9 3
(d) 4 a; =-andr=-(<1)
(e) 1 4 4

9
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7. Which of the ollowing series fails the test for divergence?
=~ dn?
N "Z=:l Sn? + 1
. i Inn Divergence Test
L) — ] )
i If lim S,, < oo, thenlim a,, =0
< I n—oo n—oo
o) "Z=:lt'u.=c (;)
_ Contrapositive:
() Y . :
/ rl:lmﬂ:mu l]m a’Tl i O then l]m Sn = ioo
n—oo n—oo
e 1
(e) Zl —
o . 3n?2 3 _
(a) lim == = lim S, =
n—-0o 5n2+1 5 n—0o
. Inn i
(b)lim — =0 = lim §,, =77
n—oo N n—oo
. 1 )
(c) lim cos (—) =1 = lim §,, = ©
n—-oo n n—oo
. 1 1 .
(d) lim = = lim §,, = o
n—-ooarctann  m/2 n— o0
. 1 .
(e) lim —=1 = lim §,, = «©
n—oo 1—e n—oo
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2 —r4+4 A Br4C

5 = — + , what are the values of A, B and C7
rlx? 4 4) T R |

8. Given the partial fraction decomposition

(a) A=1,B=1, C= —1.
(b) A=4, B= -2, C= —1.
(¢) A=1,B=1, C=1.
(d) A=4, B=2, C=1.
(e) A=1, B=2, C=4.

2—x+4
Coverup: 4 = l —ra ]x:OZ 1

Multiplying (x — 2i)
leZ—x+4] _A (x — 2i) = Bx+C

x(x+21) x+2i
X =2i:
(21)?4:-)4 - ZBJ:C = 42i2l =2Bi+(C
—% —1=2Bi+C
e C=-1
. —§=23i:>—2=—23 -B=1
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o
i ; . . . . . . . n ,
9. Which of the [ollowing statements is true about a series Zu,, whose nth partial sum is given by s, = - 1 :
n=1 <0 T
(a) The first term of the series is o, = 1/3 and the series diverges.
(b) The first term of the series is a; = 0 and the series converges to 1.
(¢} The first term of the series is a; = 1/3 and the series converges to 1/2.
() The first term of the series is a; = 1/3 and the series converges to 1.
(e) The first term of the series is o) = 1 and the series diverges.
. —
S51=a4
. — =
Sn+1 Sn An+1
1
a, = Sl = E

lim S, = lim n__1

n—oo n-oo 2n+1 2
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10, Which of the following integrals are improper”

e 0 | S
(1) / lnfae — 1) de (T} ./__-, 51 ox el {I11) [ .;{ i

(a) Ouly (III) is an inproper integral.

(by Ouwly (1) and (III) are improper integrals,
(e} Ounly (11} and (III) are improper integrals,
() Ounly (1) is an improper integral.

(e} (1), (II) and (111} are all improper integrals.

Inx—1) @x =1

1 5
@x=—=

5+2x 2

I
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)

11. Let s = E —;+ Using The Remainder Estimate for the Integral Test, find the smallest value of n such that
m
n=1
]
nrl = & — In H-

ja) n=2 RTl S fnoof(.X)dx

(b n=23

(c) n=4

(d) n=>5 fnoox—z x_8—11

le) n=6 1 1® 1 1
l_ﬁn T 3n3 T 3%
3n3 > 34
n3 > 33
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WAz
12, Evaluate the integral [ l_, il
J1jz v1—ux
(a) =/3 — /6
o1
(b =
(c) 7/6— /3 Not an improper integral
V3l V1 — x?2 : Trig substitution

(@) =

(e) m/3 —m/4

Trig sub: x = sinf = dx = cos6 df

V3 T
X:7 u=§
bt et
ur
3
e
n
= [ do
6

_TC T
3 6
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13, Which of the ollowing sequences will converge?

sin 1 . (—1)"5n
(1o, = (11} a,, = In{dn + 1) — ln{dn + 2) (1) @, = S -
n 4+ o

fa) (I} and (IT1) only.
(b (1T} only.

(o) (1) and (IT) only.
(d) (I}, (II} and [III).
(e} (1T} and {IIT) only.

(a) lim 227 —
n-oco N
Sn+1 5
(b)rll_r)go In (3 +2) =In3
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. [—1)"n

14, Which of the ollowing is true for the sequence o, = 3 + =— for n =17
dn® +1
(a) The sequence is decreasing and the sequence converges to 3.
(b} The sequence is increasing and the sequence diverges.
(e} The sequence is neither increasing nor decreasing and the sequence diverges.

(d} The sequence is neither increasing nor decreasing and the sequence converges to 3.

(e) The sequence is increasing and the sequence converges to 3.

(=1)"n

—— — oscillate with decreasing amplitudes
3n“+1

(-
3+ 3

n2+r oscillate with decreasing amplitudes and converges to 3
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. , ) . I —4 9 —16 25 i
15. What is a general formula for the sequence a, = < -, —, —, ——, —., ... ¢. lorn =17
3 8 117 14 17

o |:_—1;|"_l|'|'2
(a) ap = —————
" n+3
(—1)"t2p
(b a, = —F——
pe n? 4+ 4
|:_—1.|"+I'.I'I_]
(o) ay = ————
" i + 1
() (—1)"n
W) iy = :
" 4+ 3
; ] 1]
. |,_—1_,|"+l.l'|_
el iy = ——
\&) G 3n+2

Sign: (—1)™*1

Numerator : 1,4,9,16, 25 = n?

Denominator: 5,8,14,17 = arithmetic sequence w/a = 5and d = 3
5+(n—-1)-3=3n+2

n+1 n?
an = (=1 3n42
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b e
. p . . . Fl £ b . ;
16. (10 points) Does the telescoping series E fhy = E (el/m — Mty converge or diverge?
n=1 =1
If the series converges, find the sum of the series.

Telescoping series
1 1

an = eﬁ — en+1

Sp = (e%—e%)+(e%—eg)+(e§—e%)+---+(e%—eni+1)
= ¢i— enit
lim S, =e—1

n—->oco
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9+ -
17. (10 points) Compute [V ;
T

dar.

Your final answer MUST be presented in », without any inverse trigonometric function(s)

V32 + x2 = Trig-subx = 3tan 6 ; dx = 3sec? 60 db
V32 +32tan2 6 = v32sec?28 = 3sech

] 9+x2dx=f 3sec9 - (3sec? 6 do)

x4
1 1
=5 tanie-sec 30do
1 ~cos*@ 1
— : . do
327 sin* 0 cos36
1 rcos@ 0
327 sin%
u-sub: u = sin@ = du = cos 6d6O 32 4+

[—3u3]+C——33u3+C 5 X

u

(3 sin 9)3

——;3+C

()
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= 3el/™

19, (10 points) Use the Integral Test to show that the series Z

n=1

3 Converges or prove that it diverges.

Your answer MUST be presented as a complete coherent sentence with justification.

(is positive, continuous, and decreasing)

oo 3el/x N 3el/x N . lax
dx = lim dx = lim 3ex—
fl x2 N—-oo fl x2 N—-ooo fl x2
1 dx
u-—sub:u == >>du=—-—=
X X

x=N 1/N
fx=1 = fu=1

= lim fll/N 3e*(—du)

N—-oo
= I\IIEIJO[_BeuEﬂV
= z\l/im (—361/N + 361)

=3e—3
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Lr= — + 11
18, (10 points) Evaluate the integral / i i,
(2 — 1) (22 +4)

Partial fraction (Approach 1 : Standard way)

4x*-5x+11 A Bx+C

(x—1)(x2+4)  x—-1  (x2+4)

«  Multiply (x — 1)(x? + 4) on both sides : 4x?> —5x + 11 = A(x> +4) + (Bx + C)(x — 1)
e letx=1:4=24 =2A4A=2

e 4x°—-5x+11=Q2+B)x*+(C—-B)x+8-C

4=2+B
* {-5=C—-B > B=2,C=-3
11=8-C

2 2x—3
f (x—l + (x2+4)) dx
2 2x 3
= (x—l + (x2+4) (x2+4)) dx
idx =2Inlx—-1|+C
J
dx =In(x*+4)+C

) f( 2+4)
- =3 2+22dx-——atan()+C
= 21In|x — 1| + In(x? +4)—Eatan(5)+C
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12 — Br 4 11

18, (10 ts) Evaluate tl £ 1 da.
(10) points) Evaluate the l!l(h]l/ D2+ 4)

Partial fraction (Approach 2 : Using derivatives)

4x*-5x+11 A Bx+C
(x—1)(x2+4)  x—-1  (x2+4)

«  Multiply (x — 1)(x? + 4) on both sides : 4x?> —5x + 11 = A(x> +4) + (Bx + C)(x — 1)
e letx=1:4=24A =2A4A=2

» By differentiating:8x —5=4x+Bx—B+Bx+C

{8=4+ZB

SR ®B=2(=-3

2x 3
= (x—l + (x2+4) (x2+4)) dx
fidx =2lnlx — 1|+ C

dx =In(x?+4)+C

) f( 2+4)
- =3 2+22dx-——atan()+C
= 21In|x — 1| + In(x? +4)—Eatan(5)+C
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— +1l
18, (10 points) Evaluate the integral / S dir,
(r— 1){x2+4)

Partial fraction (Approach 3 : Using complex roots)

4x*-5x+11 A Bx+C
(x—1)(x2+4)  x—-1  (x2+4)
: : 4x%-5x+11 Bx+C
Multiply (x — 1) on both sides T oren A+ i) (x—1)
+ letx=L="=A >4=2
2_

e Multiply (x2 + 4) on both sides : = (;’Sll = : (x> +4)+Bx+C

¢ letx=2i: " =2Bi+C

* Multiply (2i — 1) on both sides: =5 — 10i = —4B + (2C — 2B)i — C

AB+C =5 _ _
{B—C=5 =>B=2 C=-3

2 2x—3
f (x—l + (x2+4)) dx
2 2X 3
- f (x—l + (x2+4) (x2+4)) dx

=2In|x — 1] + In(x? + 4) —%atan (?) +C

fidx=21n|x—1|+C
dx =In(x*+4)+C

f( 2+4)
—3fx2+22dx = —Eatan( )+ C
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Lr= — + 11
18, (10 points) Evaluate the integral / i i,
(2 — 1) (22 +4)

Partial fraction (Approach 4 : Fractional manipulation— most reliable)

4x*-5x+11 _ A Bx+C
(x—1)(x2+4)  x—-1 (x2+4)
4x2—5x+11 10
) A‘[ Grw |, 52
4x%-5x+11 2 Bx+C
(x—1)(x2+4)  x—1 (x2+4) _
4x?-5x+11 2 Bx+C J (xil + (f;:;)) dx
(x—1D)(x2+4) x-1  (x2+4) 2 2y 3
Bx+C _ 4x*-5x+11  2(x*+4) =/ (x 1) (x2+4)) dx
2+4)  (x-1)(x%+4 —1)(x2+4 2
SO, Y S 21l
(x—1)(x2%+4) . —
| e=1)(2x-3) f( o 4) dx =In(x*+4)+C
B -1 ( 2+4‘) ° — — — =
] gx_%)x 3f 2+22 dx = atan( ) +C
T (x2+4)
B=2(=-3 =21n|x—1|+ln(x2+4)—§atan(§)+6
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o Iil:' J.-".'.I

19, (10 points) Use the Integral Test to show that the series Z :

n=1

3 Converges or prove that it diverges.

Your answer MUST be presented as a complete coherent sentence with justification.

3el/x
= > 0, continuous, and decreasing = May use the integral test
OOBel/x N3e1/x 1ax
Ji =z dx = lim [ dx = lim f 3ex
N—>oo N—-oo
dx
u—sub u—— :>du———2
X

xX=N 1/N
fx 1 :fu 1

= lim f 36”(—du)

N—->oo
= Alllm[ 3e ]1/N
= lim (—3e/N + 3et)
=3e—3 <

. The series converges by the Integral Test.
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