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Common Exam II Prep. Part II

𝐴 = 𝑄𝑢𝑜𝑡𝑖𝑒𝑛𝑡 ; 𝐵 = 𝑅𝑒𝑚𝑎𝑖𝑛𝑑𝑒𝑟
𝐴 = 𝑥2 + 4,  𝐵 = −3
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1

𝑥2+10𝑥
=

1

𝑥2+10𝑥+52−52
  

  =
1

𝑥+5 2−52 

• Trig sub for 𝑥2 + 𝑎2 ⇒ 𝑥 = 𝑎 tan 𝜃 

• Trig sub for 𝑥2 − 𝑎2 ⇒ 𝑥 = 𝑎 sec 𝜃 

• Trig sub for 𝑎2 − 𝑥2 ⇒ 𝑥 = 𝑎 sin 𝜃 

𝑥 + 5 = 5 sec 𝜃 
𝑥 = 5 sec 𝜃 − 5 
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Improper integral w/ a u-subable integrand

5׬

∞ 1

𝑥 ln 𝑥 4 𝑑𝑥 = lim
𝑁→∞

5׬ 

𝑁 1

𝑥 ln 𝑥 4 𝑑𝑥  

U-sub: 𝑢 = ln 𝑥  ⇒ 𝑑𝑢 =
1

𝑥
𝑑𝑥 

׬ 
𝑥=5

𝑥=𝑁
⇒ ׬

𝑢=ln 5

𝑢=ln 𝑁
 

  = lim
𝑁→∞

ln 5׬ 

ln 𝑁 1

𝑢4 𝑑𝑢 

  = lim
𝑁→∞

−
1

3𝑢3
ln 5

ln 𝑁
 

  = lim
𝑁→∞

−
1

3 ln 𝑁 3 +
1

3 ln 5 3

  =
1

3 ln 5 3
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Bounded and increasing ⇒ Converges to the least upper bound
Since lim

𝑛→∞
𝑎𝑛 = lim

𝑛→∞
𝑎𝑛+1 = 𝑎, 

lim
𝑛→∞

𝑎𝑛+1 = lim
𝑛→∞

8 −
15

𝑎𝑛
  

𝑎 = 8 −
15

𝑎
 

𝑎2 − 8𝑎 + 15 = 0 
𝑎 − 3 𝑎 − 5 = 0 

𝑎 = 3,5  
Since 𝑎𝑛 is increasing, 𝑎 = 5
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Note that 
5

𝑥3 ≤
cos 𝑥+6

𝑥3 ≤
7

𝑥3 where 2׬

∞ 𝑘

𝑥3 𝑑𝑥 < ∞ for any 𝑘 ≥ 0 (𝑝 test)

2׬

∞ 5

𝑥3 𝑑𝑥 ≤ 2׬

∞ cos 𝑥+6

𝑥3 𝑑𝑥 ≤ 2׬

∞ 7

𝑥3 𝑑𝑥 < ∞  

In particular, 2׬

∞ cos 𝑥+6

𝑥3 𝑑𝑥 ≤ 2׬

∞ 7

𝑥3 𝑑𝑥 < ∞ 
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σ𝑖=1
∞ 3⋅3𝑛

4𝑛 = σ𝑖=1
∞ 3

3

4

𝑛
 where 𝑎𝑛 = 3

3

4

𝑛

𝑎1 =
9

4
 and 𝑟 =

3

4
(< 1) 

𝑆 =
𝑎

1−𝑟
=

9

4

1−
3

4

=
9

4
1

4

= 9 
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Divergence Test 
If lim

𝑛→∞
𝑆𝑛 < ∞, then lim

𝑛→∞
𝑎𝑛 = 0 

Contrapositive: 
lim

𝑛→∞
𝑎𝑛 ≠ 0 then lim

𝑛→∞
𝑆𝑛 = ±∞

(a) lim
𝑛→∞

3𝑛2

5𝑛2+1
=

3

5
    ⇒ lim

𝑛→∞
𝑆𝑛 = ∞

(b) lim
𝑛→∞

ln 𝑛

𝑛
= 0  ⇒ lim

𝑛→∞
𝑆𝑛 =? ?

(c) lim
𝑛→∞

cos
1

𝑛
= 1 ⇒ lim

𝑛→∞
𝑆𝑛 = ∞

(d) lim
𝑛→∞

1

arctan 𝑛
=

1

𝜋/2
 ⇒ lim

𝑛→∞
𝑆𝑛 = ∞

(e) lim
𝑛→∞

1

1−𝑒−𝑛 = 1  ⇒ lim
𝑛→∞

𝑆𝑛 = ∞
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Cover up : 𝐴 =
2𝑥2−𝑥+4

𝑥2+4 𝑥=0
= 1  

Multiplying (𝑥 − 2𝑖) 
2𝑥2−𝑥+4

𝑥(𝑥+2𝑖)
=

𝐴

𝑥
𝑥 − 2𝑖 =

𝐵𝑥+𝐶

𝑥+2𝑖
 

𝑥 = 2𝑖 :
−8−2𝑖+4

(2𝑖)(4𝑖)
=

2𝐵𝑖+𝐶

4𝑖
    ⇒

−4−2𝑖

2𝑖
= 2𝐵𝑖 + 𝐶

−
2

𝑖
− 1 = 2𝐵𝑖 + 𝐶 

• 𝐶 = −1

• −
2

𝑖
= 2𝐵𝑖 ⇒ −2 = −2𝐵 ⇒ 𝐵 = 1
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• 𝑆1 = 𝑎1 
• 𝑆𝑛+1 − 𝑆𝑛 = 𝑎𝑛+1 

𝑎1 = 𝑆1 =
1

3
 

lim
𝑛→∞

𝑆𝑛 = lim
𝑛→∞

𝑛

2𝑛+1
=

1

2
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ln 𝑥 − 1  @ 𝑥 = 1 
1

5+2𝑥
 @ 𝑥 = −

5

2
   

1׬

∞
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𝑅𝑛 ≤ 𝑛׬

∞
𝑓 𝑥 𝑑𝑥  

׬ 
𝑛

∞ 1

𝑥4 𝑑𝑥 ≤
1

81
  

−
1

3𝑥3
𝑛

∞
=

1

3𝑛3 ≤
1

34 

3𝑛3 ≥ 34 
𝑛3 ≥ 33  
𝑛 ≥ 3 
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Not an improper integral 

1 − 𝑥2 : Trig substitution

Trig sub: 𝑥 = sin 𝜃  ⇒ 𝑑𝑥 = cos 𝜃  𝑑𝜃

׬ 
𝑥=

1

2

𝑥=
3

2 ⇒ ׬
𝑢=

𝜋

6

𝑢=
𝜋

3  

׬
𝑢=

𝜋

6

𝑢=
𝜋

3 1

cos 𝜃
cos 𝜃 𝑑𝜃   

  = 𝜋׬

6

𝜋

3 𝑑𝜃 

 =
𝜋

3
−

𝜋

6
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(a) lim
𝑛→∞

sin 𝑛

𝑛
= 0 

(b) lim
𝑛→∞

ln
5𝑛+1

3𝑛+2
= ln

5

3

(c) lim
𝑛→∞

−1 𝑛(5𝑛)

𝑛+5
→  ±5 (Diverges) 
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−1 𝑛𝑛

3𝑛2+1
 oscillate with decreasing amplitudes 

 3 +
−1 𝑛𝑛

3𝑛2+1
 oscillate with decreasing amplitudes  and converges to 3
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Sign: −1 𝑛+1 
Numerator : 1,4,9,16, 25 ⇒ 𝑛2

Denominator: 5,8,14,17 ⇒ arithmetic sequence w/ 𝑎 = 5 and 𝑑 = 3 
      5 + 𝑛 − 1 ⋅ 3 = 3𝑛 + 2 

𝑎𝑛 = −1 𝑛+1 𝑛2

3𝑛+2
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Telescoping series

𝑎𝑛 = 𝑒
1

𝑛 − 𝑒
1

𝑛+1 

      𝑆𝑛 = 𝑒
1

1 − 𝑒
1

2 + 𝑒
1

2 − 𝑒
1

3 + 𝑒
1

3 − 𝑒
1

4 + ⋯ + 𝑒
1

𝑛 − 𝑒
1

𝑛+1  

      = 𝑒
1

1 − 𝑒
1

𝑛+1 
lim

𝑛→∞
𝑆𝑛 = 𝑒 − 1 
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32 + 𝑥2  ⇒ Trig-sub 𝑥 = 3 tan 𝜃 ; 𝑑𝑥 = 3 sec2 𝜃 𝑑𝜃 

  32 + 32 tan2 𝜃 = 32 sec2 𝜃 = 3 sec 𝜃 

׬
9+𝑥2

𝑥4 𝑑𝑥 = ׬
3 sec 𝜃

34 tan4 𝜃
3 sec2 𝜃 𝑑𝜃  

  =
1

32 ׬
1

tan4 𝜃
⋅ sec3 𝜃 𝑑𝜃 

  =
1

32 ׬
cos4 𝜃

sin4 𝜃
⋅

1

cos3 𝜃
𝑑𝜃 

  =
1

32 ׬
cos 𝜃

sin4 𝑑𝜃 

 u-sub: 𝑢 = sin 𝜃 ⇒ 𝑑𝑢 = cos 𝜃𝑑𝜃 

  =
1

32 ׬
𝑑𝑢

𝑢4 =
1

32 −
1

3𝑢3 + 𝐶 = −
1

33𝑢3 + 𝐶 

  = −
1

3 sin 𝜃 3 + 𝐶 

  = −
1

3𝑥

32+𝑥2

3 + 𝐶

𝜃
3

𝑥
32 + 𝑥2
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(is positive, continuous, and decreasing)

1׬

∞ 3𝑒1/𝑥

𝑥2 𝑑𝑥 = lim
𝑁→∞

1׬

𝑁 3𝑒1/𝑥

𝑥2 𝑑𝑥 = lim
𝑁→∞

1׬

𝑁
3𝑒

1

𝑥
𝑑𝑥

𝑥2   

 𝑢 −sub: 𝑢 =
1

𝑥
  ⇒ 𝑑𝑢 = −

𝑑𝑥

𝑥2 

𝑥=1׬ 

𝑥=𝑁
⇒ 𝑢=1׬

1/𝑁

 = lim
𝑁→∞

׬
1

1/𝑁
3𝑒𝑢 −𝑑𝑢  

 = lim
𝑁→∞

−3𝑒𝑢
1
1/𝑁

 

 = lim
𝑁→∞

−3𝑒1/𝑁 + 3𝑒1

 = 3𝑒 − 3
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4𝑥2−5𝑥+11

(𝑥−1)(𝑥2+4)
=

𝐴

𝑥−1
+

𝐵𝑥+𝐶

(𝑥2+4)
 

• Multiply 𝑥 − 1 𝑥2 + 4  on both sides : 4𝑥2 − 5𝑥 + 11 = 𝐴 𝑥2 + 4 + 𝐵𝑥 + 𝐶 𝑥 − 1  
• Let 𝑥 = 1: 4 = 2𝐴 ⇒ 𝐴 = 2 

• 4𝑥2 − 5𝑥 + 11 = 2 + 𝐵 𝑥2 + 𝐶 − 𝐵 𝑥 + 8 − 𝐶

• ቐ
4 = 2 + 𝐵

−5 = 𝐶 − 𝐵
11 = 8 − 𝐶

   ⇒  𝐵 = 2, 𝐶 = −3

׬
2

𝑥−1
+

2𝑥−3

(𝑥2+4)
𝑑𝑥  

 = ׬
2

𝑥−1
+

2𝑥

(𝑥2+4)
−

3

(𝑥2+4)
𝑑𝑥 

• ׬
2

𝑥−1
𝑑𝑥 = 2 ln 𝑥 − 1 + 𝐶 

• ׬
2𝑥

(𝑥2+4)
𝑑𝑥 = ln(𝑥2 + 4) + 𝐶 

• −3 ׬
1

𝑥2+22 𝑑𝑥 = −
3

2
atan

𝑥

2
+ 𝐶 

 = 2 ln 𝑥 − 1 + ln(𝑥2 + 4) −
3

2
atan

𝑥

2
+ 𝐶

Partial fraction (Approach 1 : Standard way) 
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4𝑥2−5𝑥+11

(𝑥−1)(𝑥2+4)
=

𝐴

𝑥−1
+

𝐵𝑥+𝐶

(𝑥2+4)
 

• Multiply 𝑥 − 1 𝑥2 + 4  on both sides : 4𝑥2 − 5𝑥 + 11 = 𝐴 𝑥2 + 4 + 𝐵𝑥 + 𝐶 𝑥 − 1  
• Let 𝑥 = 1: 4 = 2𝐴 ⇒ 𝐴 = 2 
• By differentiating : 8𝑥 − 5 = 4𝑥 + 𝐵𝑥 − 𝐵 + 𝐵𝑥 + 𝐶

• ቊ
8 = 4 + 2𝐵

−5 = −𝐵 + 𝐶
   ⇒ 𝐵 = 2, 𝐶 = −3

׬
2

𝑥−1
+

2𝑥−3

(𝑥2+4)
𝑑𝑥  

 = ׬
2

𝑥−1
+

2𝑥

(𝑥2+4)
−

3

(𝑥2+4)
𝑑𝑥 

• ׬
2

𝑥−1
𝑑𝑥 = 2 ln 𝑥 − 1 + 𝐶 

• ׬
2𝑥

(𝑥2+4)
𝑑𝑥 = ln(𝑥2 + 4) + 𝐶 

• −3 ׬
1

𝑥2+22 𝑑𝑥 = −
3

2
atan

𝑥

2
+ 𝐶 

 = 2 ln 𝑥 − 1 + ln(𝑥2 + 4) −
3

2
atan

𝑥

2
+ 𝐶

Partial fraction (Approach 2 : Using derivatives) 
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4𝑥2−5𝑥+11

(𝑥−1)(𝑥2+4)
=

𝐴

𝑥−1
+

𝐵𝑥+𝐶

(𝑥2+4)
 

• Multiply 𝑥 − 1  on both sides : 
4𝑥2−5𝑥+11

 (𝑥2+4)
= 𝐴 +

𝐵𝑥+𝐶

(𝑥2+4)
(𝑥 − 1)

• Let 𝑥 = 1:
10

5
= 𝐴 ⇒ 𝐴 = 2 

• Multiply 𝑥2 + 4  on both sides : 
4𝑥2−5𝑥+11

(𝑥−1)
=

𝐴

𝑥−1
𝑥2 + 4 + 𝐵𝑥 + 𝐶

• Let 𝑥 = 2𝑖 ∶
−16−10𝑖+11

2𝑖−1
= 2𝐵𝑖 + 𝐶 

• Multiply 2𝑖 − 1  on both sides: −5 − 10𝑖 = −4𝐵 + 2𝐶 − 2𝐵 𝑖 − 𝐶

• ቊ
4𝐵 + 𝐶 = 5
𝐵 − 𝐶 = 5

   ⇒ 𝐵 = 2, 𝐶 = −3

׬
2

𝑥−1
+

2𝑥−3

(𝑥2+4)
𝑑𝑥  

 = ׬
2

𝑥−1
+

2𝑥

𝑥2+4
−

3

𝑥2+4
𝑑𝑥 

= 2 ln 𝑥 − 1 + ln(𝑥2 + 4) −
3

2
atan

𝑥

2
+ 𝐶

Partial fraction (Approach 3 : Using complex roots) 

• ׬
2

𝑥−1
𝑑𝑥 = 2 ln 𝑥 − 1 + 𝐶 

• ׬
2𝑥

(𝑥2+4)
𝑑𝑥 = ln(𝑥2 + 4) + 𝐶 

• −3 ׬
1

𝑥2+22 𝑑𝑥 = −
3

2
atan

𝑥

2
+ 𝐶 
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4𝑥2−5𝑥+11

(𝑥−1)(𝑥2+4)
=

𝐴

𝑥−1
+

𝐵𝑥+𝐶

(𝑥2+4)
 

•  𝐴 =
4𝑥2−5𝑥+11

𝑥2+4 𝑥=1
=

10

5
= 2 

•
4𝑥2−5𝑥+11

(𝑥−1) 𝑥2+4
=

2

𝑥−1
+

𝐵𝑥+𝐶

𝑥2+4
 

4𝑥2−5𝑥+11

(𝑥−1) 𝑥2+4
−

2

𝑥−1
=

𝐵𝑥+𝐶

𝑥2+4

 
𝐵𝑥+𝐶

𝑥2+4
=

4𝑥2−5𝑥+11

(𝑥−1) 𝑥2+4
−

2 𝑥2+4

(𝑥−1) 𝑥2+4
 

   =
2𝑥2−5𝑥+3

(𝑥−1) 𝑥2+4

   =
(𝑥−1)(2𝑥−3)

(𝑥−1) 𝑥2+4
 

   =
(2𝑥−3)

𝑥2+4
 

 𝐵 = 2, 𝐶 = −3

׬
2

𝑥−1
+

2𝑥−3

(𝑥2+4)
𝑑𝑥  

 = ׬
2

𝑥−1
+

2𝑥

(𝑥2+4)
−

3

(𝑥2+4)
𝑑𝑥 

• ׬
2

𝑥−1
𝑑𝑥 = 2 ln 𝑥 − 1 + 𝐶 

• ׬
2𝑥

(𝑥2+4)
𝑑𝑥 = ln(𝑥2 + 4) + 𝐶 

• −3 ׬
1

𝑥2+22 𝑑𝑥 = −
3

2
atan

𝑥

2
+ 𝐶 

 = 2 ln 𝑥 − 1 + ln(𝑥2 + 4) −
3

2
atan

𝑥

2
+ 𝐶

Partial fraction (Approach 4 : Fractional manipulation – most reliable) 
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3𝑒1/𝑥

𝑥2 ≥ 0, continuous, and decreasing ⇒ May use  the integral test

1׬

∞ 3𝑒1/𝑥

𝑥2 𝑑𝑥 = lim
𝑁→∞

1׬

𝑁 3𝑒1/𝑥

𝑥2 𝑑𝑥 = lim
𝑁→∞

1׬

𝑁
3𝑒

1

𝑥
𝑑𝑥

𝑥2   

 𝑢 −sub: 𝑢 =
1

𝑥
  ⇒ 𝑑𝑢 = −

𝑑𝑥

𝑥2 

׬ 
𝑥=1

𝑥=𝑁
⇒ ׬

𝑢=1

1/𝑁

 = lim
𝑁→∞

1׬

1/𝑁
3𝑒𝑢 −𝑑𝑢  

 = lim
𝑁→∞

−3𝑒𝑢
1
1/𝑁

 

 = lim
𝑁→∞

−3𝑒1/𝑁 + 3𝑒1

 = 3𝑒 − 3 < ∞ 

∴ The series converges by the Integral Test.
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