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Week 03
Volumes by Slicing: Disks and Washers
Volume by Cylindrical Shells
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A llM General slicing method for any volume

The solid whose base is the region bounded by

semicircle y = V1 — x? and the x —axis. And

Step 1: Plot the graph whose cross section through the solid
perpendicular to the x axis are squares. Find
the volume of the solid.

Step2. Find the size of asliceat x or y
* At x: Thickness dx = Cross section A(x)
* At y: Thickness dy = Cross section A(y)

Step3. Find the volumnof aslice at x ory ‘

* At x: Thickness dx = Cross section A(x) 5
o« dV = A(x)dx A(x) = [\/1 — xz]
* At y: Thickness dy = Cross section A(y) %d" V( ?.?’1 ) = A(x)dx
« dV = A(y)dy = = (1—x2)dx

e Limitforx:[—1,1]
Step4. Find the upper/lower limits forx ory V= fbA(x)dx
Stepb5. Set up integral and evaluate a

V= f;/l(x)dx orV = deA(y)dy - f—11(1 —x?)dx =2 fol(l — x%)dx

1
x3 4



AllM Example

W WHOSE Cross-saxctLions perps ndicular t t b

1
/a\ V = f—1 4_(4_ _ 4y2)dy

\__/ =2 fol 4(4 — 4y*)dy
=32 [ (1 —yHdy
1
52y~

X =14 — 4y? =32[1—§]

2 64
e =32-2=7




m Example

|ht' l).l.\(' nl a \n“ql i\ ll]«' ]l"_"lu]l lu»l[]nla'(l In\' llu' curve /] ..n I""

v =J52(2/5-y) dy

=8/ (5 — y)dy

=8P5—§

= 100

2

:lll(l |ll|' .I‘—.‘l_\'i\, (‘['1I.\\-S(‘I |i“ll\
ln-lln-llclirlll.ll to the .l/-.n,\"l\ are rectaneles with heieht ”l”"l to twice the base. Find the volume of this

solid.
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1 x==x4—y

V= lf47t(,/4 —y)zdy

/ N = 2[4 - y)dy
=2] )
1 2]
=3l =37,
’ =2(16 —8) = 4n
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m Example
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sections perpendicular to the x - axis are squares. Find the volume of S.

]

V= f_22(4 — x?)%dx
=2 f02(4 — x?)%dx
=2 f02(16 — 8x% + x*)dx
_ 8 3,15 2
_.2[16x X3+ Zx ]

26 25 °
=2[25——+—
=26h——+%
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dV = (4 — x?)?dx
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A |lM Volume by disks perpendicular to the x axis

Find the volume of the solid that is

Volume of solid of revolution around x axis  obtained when the region under the

Step 1: Plot the graph curve y = +/x over the interval [1, 4] is
revoIved about the x-axis

Step2. Find the size of a perpendicular slice at x M

At x: Thickness dx = Cross section A(x) IH | f}
nlf ()2 Tt

Step3. Find the volume of aslice at x Radlus{ A(x) =

* At x: Thickness dx = Cross section A(x) (j/”(‘/_)

e dV =mn[f(x)]?dx
v(| ) =nlFeorzdx

Step4. Find the upper/lower limits for x
1 <x <4 (limits)

Stepb5. Set up integral and evaluate

V= f;A(x)dx = f;n[f(x)]zdx V= ffn[f(x)]zdx




A llM Volume by Washer perpendicular to the x axis

Volume of solid of revolution around x axis
Step 1: Plot the graph of f(x), g(x)w/ f > g

Step2. Find the size of a perpendicular slice at x
* At x: Thickness dx = Cross section A(x)
* Washer = Large disc — small disc
= n[f(0)]* — nlg()]?
Step3. Find the volume of aslice at x
* At x: Thickness dx = Cross section A(x)

o dV =n([f(x)]* - [gx)]*)dx

Step4. Find the upper/lower limits for x

Stepb5. Set up integral and evaluate
V= ffA(x)dx

= [P a([f@]? - [g0)]?)dx

V =

Find the volume of the solid that is
obtained when the region between the
curve y =+/x and y = 1 over the interval
[1, 4] is revolved about the x-axis

g =1

A =
Y

dx

[

V(@) = n{\/f}zdcjcx— n{1}1dx = n[x — 1]dx
Limit = [1,4]

ff m(x — 1)dx




AllM Example

. . . [~ @] . .
The region bounded by y = cosx and the z-axis on the interval “'?] is rotated about the r-axis.

Find the volume of the resulting solid.

(a) 1
(b ?
() %‘
(d) ;—I E
-2 [2mcos? x dx
(e) T +— correct 0

T
- cos 2x+1

Iy MEEZAPN
0 2

/2
E[l sin 2x + x]
212 0

R =3fo-0+(-0)

=)

r = COSX

dx

dV = nm(cos x)?*dx



AllM Example

The region bounded by y = e* and the r-axis on the interval [0, 2] is rotated about the r-axis. Find
the volume of the resulting solid.

., TE
L&) T

(b) %

(e %I:ff’ — 1) + correct

(d) %Lﬁz — 1)

(e) 2mw(e 1_ 1)

7

i1

5

X
r =e€ 2
‘ 2x
J, e 7de
’ _ T _2x72
=3 [e ]0
: dx 74
=—-(e*—-1)
Pa 2
dV = me®*dx
0 1

dx



AllM Example

||||' |'|'*_'_i||]] ||||1I]j|||':|, |r\' fhl' cClurvies y .'_) .I|||| y I i- |||I.I|'|'|i
about the line y 1. Find the volume of the resulting solid.
' ¥}
l-l
' ¥1)
(b) =
™ ]
im
3
12

(d) j_'
L:— r = (1 - xZ)
dx
\ ol dx /
dV = (1 — x)?dx
Limits: x2 =1 =>x = +1
10 1 V= f_ll (1l —x?)%dx

=21 fol(l —2x% + x%) dx
1

= 2n[x—§x3+§xslo
ey Sl
_ lom

S



AllM Example

If we revolve the region bounded by y = 1 — 22 and x — y 1 about the line y

which of the following integrals gives the resulting volume?

"A/J{"—""" £) (22 — %+ 2) di r:3_(x_1)0r:3_(1_x2)
(b) ‘/‘Il—‘(w_» v 22)2 — (4 — 7)?) dr dx
¢) / 2n(z — 3)(2? — x + 2) da dx _
¥ o ®) =
(d) b/'l_)v(w r)? — (2 + 22)?) da — ﬂ{i/x} Aﬂ({?zj'ﬁ
/ 7 ((2+22)% - (4 - 2)?) da dx

' dx

AV = m[(4 — x)?>—(x? + 2)?]dx

Limits: 1 —x? =x—1
x>’ +x—-2=0(x-1Dx+2)=0
x=-2,1

V= f_lz w[(4 — x)?—(x? + 2)?]dx




AllM Example

Consider the region R bounded by y VI, y 1, 2 0. Find the volume

obtained by rotating the region R about the line y 1

! 0 r=(1-+x)

dx

dV = (1 —+/x)?%dx
Limits:/x=1=>x =1

V= [ m(l—2yX + x)dx

1

3 2
4 = x

:n[x——x2+—]
3 2 |,

rfi-54]

T

6




AllM Example

Which of the following integrals gives the volume of the solid obtained by rotating the region hbounded
by y = 5 — % and y = 1 about the r-axis.

(a) :/ (1-(:. 212)

2
. r=5—x
(b) r/ (4 - 22)%dx 07‘ =1
J 2
2
(e) 27/ r(4 — r*) drx dx
{d) 7 / ([o—r1 —1 i— correct (X)

5 W0

O Y

dx

(e) 27[ r(r? — 4) dr
J 2

dV = wr[(5 — x?)?—1]dx
Limits: 5 —x2 =1
2=4; x=42

V= f_22 m[(5 — x?)?—1]dx




AHM Volume by disks perpendicular to the y axis

Find the volume of the solid that is obtained
Volume of solid of revolution around y axis when the region between the curve y = x3
Step 1: Plot the graph and x = 0 between the interval 0 <y < 8
is revolved about the y-aX|s
Step2. Find the size of a perpendicular sliceaty '
* At y: Thickness dy = Cross section A(y) i

[g()]?

« Fory = f(x), solve forx = f~1(y) |
Step3. Find the volume of aslice aty : - -

x|
* At y: Thickness dy = Cross section A(y) 4w =

y=38

. = 2 n(3/7)
dv = nlg(]*dy AN 2
Radisus V(ﬁ = ﬂ[g(y)] d
Step4. Find the upper/lower limits for y =V

0 <y <8 (limits)
Stepb5. Set up integral and evaluate

V= ["Ady = [*rlg()]3d v=['n g(y) 2dy
= [P nysdy

3 518
=n[Ex3]
0



AHM Volume by Washer perpendicular to the y axis

Find the volume of the solid that is
Volume of solid of revolution around y axis obtained when the region between the
Step 1: Plot the graph of f(y), g(y) W/ f > g curvey = x? and y = 2x is revolved

about the y-axis
Step2. Find the size of a perpendicular sliceaty ; =3 r=vs @

S

* At y: Thickness dy = Cross section A(y) s

a4t

* Washer = Large disc — small disc d
=n[f(»]* —nlg(]? T ‘ M
Step3. Find the volume of asliceaty iy
« At x: Thickness dx = Cross section A(y) - AN ES dy
+dv = n([f O] ~ gD dy T )
_ 2 1 _
Step4. Find the upper/lower limits for y V(=) = n{yx}* - n{1}’ = n[x — 1]
Limit = [1,4]
Stepb5. Set up integral and evaluate V= f147T(X — Ddx
b 4
V=] AQy)dy :nl%xz_xll =§ﬂ

= [ 2([f O - [g]12)dy



AllM Example

Find the volume of the solid obtained by rotating the region bounded by » = y* and » = %* around
the y-axis.

(8) o
v |
L) E
2w
(d) x ¢ correct @ dy y = yz
|:|'_'-:| J_I A(X'

105 Y




m Example

Consider the region R bounded by y = 22

9

and y = 1, first quadrant only.
Find the volume obtained by rotating R about the y-axis.

(a) —
l
(b) —
2
(\C) T
{7
UII s

{¢) _\-tllll' uf l][l' .‘||N)\'('

gy

I Y 2
N — x| 2
dV—n[\/;] dy

= ~ydy
Limits: y = 0,1
1
V=[5 ydy

_Ely_zr_z
212 0 4




A l[M Volume by cylindrical shells about the x-axis

Use cylindrical shells to find the volume
Volume of solid of revolution around x axis of the solid generated when the shaded
Step 1: Plot the graph region is revolved about the indicated
axis. A
Step2. Find the size of a parallel slice at y
At y: Thickness dy = Cross section A(y)

2ref (y)dy VT
Step3. Find the volume of aslice aty R
e At y: Thickness dx = Cross section A(y) L) =
« dV =2nf(y)dy -
b f() gy A(x) —
Step4. Find the upper/lower limits for y Zny(x —Vx — Z)dy
Step5. Set up integral and evaluate V= foz 2myly — y? + 2]dy
b b
V=[, AQ)dy = [, 2rnyf(y)dy = 2n [ [y? — %3 + 2yldy
2
=2m Fyg’ —ly4 +y2]
0
=2m |5 -2+ 4]
_ 1ém

3



AllM Example

Consider the region bounded by the two curves y = cosx, ¥ = sinz and the two lines » = 0 and = = —.

Which of the following represents the volume of this region being rotated ahout the line » = —17 N
. X
P e . .
(a) 2m(r+1){cosxr —sinx)dr <+ correct y "f"
Jo 7
[T - T dx
(h) 2a(x + 1)(sinx — cosx) dr e
S0 i\‘-,'.‘: : - '_?-’
x .
P . : COSX —SInx | ‘
() / 2m(x + 1)(cos r — sinx) dr
-1
-.Tr \"-\__ __-'

“ i ’ . 9
Imix+ L}Lc‘-u:a2 T —sin® ) dz

o

_.1I'_
’ 2

i ’ . 9
w{eos® r —sin” x) dx

.

Fa

2n(x + 1)

CoOsSXx —Sinx

dx

dV = 2m(x + 1)[cos x — sin x]dx
Limits: x = 0, T /4

V= f0”/4 2r(x + 1)[cos x — sin x]dx




m Example

Find the volume of the solid found by rotating the region bounded by

the curves Yy = 2 + 2+ and y=0 about the y-axis.
(a) l; m *
v
||)} S '(
3
© 4 dx 21X
: e ————t i

o 1: —x2+2x | | = (2x — x2)

dx

dV = 2mx(2x — x?)dx
r=x Limits: —x?> +2x =0 =2x=0,2

V= foz 2mx(2x — x%)dx
=27 fz (2x% — x3)dx
2
_27'[[ ——x4] —27'[[——_

81

— 25, _]__



AllM Example

Consider the region R bounded by y =22, y= -+ 2. r =0, and = = 1.

(a) Sketch the region R.

(b) Set up the integral that gives the volume obtained by revolving the region R about the r-axis using
the method of washers. DO NOT EVALUATE THE INTEGRAL.
(¢) Set up the integral that gives the volume obtained by revoling the region R about the line x

the method of cylindrical shells, DO NOT EVALUATE THE INTEGRAL.
dV = n[(—x + 2)? — (x3)?]dx

| using

(b) r=(-—x+2) Or _ .3 = n[x? — 4x + 4 — x®]dx
dx V= foln[x2 — 4x + 4 — x°]dx
1
dx :nllx3—2x2+4x—lx7]
3 7 0
) =nl;-2+4-]
4(\' _ 461
(c) i\l 2m(1 — x) =27
——dx ¢ 1
I V=] 2m(2—x*+x*—3x +x*)dx
(—x +2) —x3 =
~— = 27T[2x——+———+ ]
dV = 2n(1 — x)[—x + 2 — x3]dx =2ﬂ[2_z+§__+_]
=2n(—x+ 2 —x3+x? —2x + xH)dx 47T

— 3 2 4 =




AllM Example

Consider the reeion R bounded bv v = 4xr — .1‘2 and v = 0,
Which of the following integrals gives the volume of the

solid obtained by revolving R about the line x = —27

|

(a) / 2m(2 — 2)(4x — 22) dx
Jo
i

(b) / Qrxr(dx — x2) drx

0
i

(¢) / 2n(x + 2)(4x — %) dx
JU)
i

(d) / 27(x — 2)(4x — x°2) dx
JN)

(e) X!Dlll‘ of the above

dx

42 — 4x — x>
—x
_

r=x+2 2m(x + 2)

dV = 2n(x + 2)(4x — x?)dx
Limits : 4x —x? =0 =2 x =04
V= f04 2m(x + 2)(4x — x*)dx



AllM Example

Consider the region R bounded by y = Inx., y =0, a

id & = 2. If this region is revolved about the line y = —2:
(a) Set up but do not evaluate the integral that gives the volume using the method of shells.
(l)) H(" ”]) |’|“ (l() Il()t (‘\':llll:‘t(' 'll(' i““':l'ill ll];ll :i\'([\ ll“- \'“l”“l“ ”\1“2 'l“. ““"Il“(l “l' \\'uﬁll"l.,\.
h =Inx + 2 ()= oy
| (a) r=1nx &\nx A(x)/
2
_ 0 =2 (} a2
0 1 D
dx o Iy
—1
dV = r[(Inx + 2)* — 4]dx
) [ Limits x = 0,2

V=[n

-\'.

[(Inx + 2)? — 4]dx

=

dV =2n(y +2)(2 — e¥)dy
Limits e¥ = 2,y = In2

v =[""2n(y +2)(2 - e)dy




AllM Example

Consider the region hounded by the eurves = = y* — 2y and the y-axis. Which of the following
represents the volume of solid formed when the region is rotated about y = 47

2
(a) / 2ry(y® — 2y) dy
Jo

2
) / 2my(2y — y*) dy
Jo

2
() / 2m(4 — y)(y® — 2y) dy
S0

2
(d) / m(y — 4)(4y” — y*) dy
J10

2
(e) /Erri—l—y]iﬂ_u—yz]ff_e,r + correct
S0

2r(4 —y)

Limits: y2 — 2y =0=>y = 0,2
dV = 2n(4 - y)(2y — y*)dy

V= [ 2n(4 - )2y — y2dy
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