
MATH251 - Spring 25

Week-In-Review 2

If a = ha1, a2, a3i and b = hb1, b2, b3i, then the cross product of a and b, denoted by

a⇥ b, is defined as

a⇥ b =

������

i j k
a1 a2 a3

b1 b2 b3

������
= (a2b3 � a3b2)i+ (a3b1 � a1b3)j+ (a1b2 � a2b1)k

The cross product a⇥ b is a vector orthogonal to both vectors a and b.

Example 1. True/False.
(a) The cross product v ⇥ v = 0 for any vector v.

True False

(b) Suppose a and b are nonzero vectors. Then a⇥ b 6= b⇥ a. However, |a⇥ b| = |b⇥ a|.

True False

(c) Suppose a and b are nonzero vectors. Then (a+ b)⇥ (a� b) = a2 � b2
.

True False

(d) Consider a line given by parametric equations x + 2 =
y � 2

3
=

1� z

5
. The vector

h1, 3, 5i is a direction vector of the line.

True False

(e) Consider that a plane P1 is orthogonal to the line given by equations

x = �1 + t, y = 2t, z = 3� 3t.

Then v = h2, 4,�6i is a normal vector to the plane P1 .

True False
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G= ax(a-b) + bx(a-b)
O

= apa-axb + bxa - bxb= 2(bxa)
.

2 - 1
3
m=

- 5
DY

< 1
,

3
,
-5) isa

direction rector
.

-
(1

,
2
, -37 is a normal

vector . Since o is parallel
to<1,

2
, -3)

,
o is also

a normal vector to the

plane.
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Example 2 (12.4). As shown in the figure below, let the vector a lies in the xy-plane and b
is a vector in the direction of k. Suppose |a| = 5 and |b| = 4.

(I) Compute |a⇥ b|.

(II) Use the right hand rule to determine whether the components of a ⇥ b are positive,

negative, or zero.

Example 3 (12.4). Consider a triangle ABC with vertices A(0, 0, 0), B(1, 2, 0), and C on

the y-axis. If the area of the triangle is 3/2, determine the coordinates of the vertex C.
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= lal/b1 sino

= (5)(4) (singo) ax &

↓

= 20 units
.

means z-component
is zero.

9
Since axb is I to b

,
axb lies on the sy-plane.

By right hand rule ,

axb should have y-component negative,
and-component positive.

A 10
,
0

, 0)
,

B (1
,

2
, 0)

,
(10

, y, 0).

#B = < 1
,

2
, 07

,

Al = 10
, y,
07

#B xi =
ijk

12 0
= oi - oj + yk = yk

o g o

Area of the triangle = /EXE = 1 set

= = (tyz = y = 13

So, C is either (0, 3
, 0) or 10

,
-3

,
0).
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Example 4 (12.4). Find unit vectors orthogonal to the plane passing through the points

A(1, 0, 0), B(0, 1, 2) and C(1, 1, 3).

Example 5 (12.4). Determine whether the points A(0, 1, 2), B(2, 1, 0), C(�1, 4,�3), and

D(4, 1,�2) lie in the same plane.
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#

#B = <- 1
,

1
,
2), = 10, 1

, 3)
7C

A

Ax= ijk 33
-

- I 2

O I 3

= i + 3j - 1
.

So
,
lasate seat=I

Unit normal rectors to the plane are

=I
???
I

-

B = < 2,
0
,

= 2) # ....
F = <- 1

,
3
,

-5) C

AB = 14
,
0
,
-4)

A B

Volume of the parallelepiped = 1 B . (EX)

O - 2
=

I3 - 5I40 - 4

= 2( - 12 -0) = o(k + 20) - 2(0 - 12) = 0

Since the volume of the parallelepiped is zero
, the rectors mustlie

in the same plane=> the points must lie in the same plane.
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If P and Q are two points on a line L, then the vector equation of the line segment
from P to Q is given by

hx, y, zi = �!
OP + t(

�!
PQ) = (1� t)

�!
OP + t

�!
OQ 0  t  1

Example 6 (12.5). Suppose the line L1 passes through the point P (2, 2, 5) and is parallel to

the line

L2 : x+ 5 =
y + 1

3
=

z � 2

2

(a) Determine symmetric equations of the line L1.

(b) Find the point of intersection of the line L1 and the yz-plane (if any).

(c) Show that the line L1 passes through the point Q(3, 5, 7), and determine an equation of

the line segment from P to Q.
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No Yo zo

A vector parallel toLe is
T v=< 1

,
3
, 2) .

Direction rector ofhe = direction rectorof L = Li
,

3
,

2x.
<x

, y,
2) = (2,

2
, 57 + t 4 1

,
3, 27

=> n = 2 + t
, y = 2 + 3t

,
z = 5+ 2t.

ye-plane = x = 0.

80
,
2+ + = 0 - t=

- 2.

y = 2 + 3)-2) = - 4

2 = 5+ q- 2) = 1- Intersection ofL and ye-plane is
10, -4, 1).

T

x = 3 = 2 + t = 3 = t= 1

y = 2+ 3(1) = 5
,

2 = 5+ 2(1) = 7
:

=> & (3
,

5
, 7) is a point on L.

Equation of the line segment po
is

<4
, y, 2) =

(1- t)(2 ,
2

, 57 + +43,
5

,
73

,

02t4

= <2 - 2t + 3t, 2 -27 + 5t,
5-57 +Tt)

x = 2 + t
, y = e + 3t, z =

5+ 2t ; okt) .
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Example 7 (12.5). Determine whether the lines L1 and L2 are parallel, intersecting, or

skew. If they intersect, find the point of intersection.

L1 :
x� 1

3
=

y + 3

8
= z

L2 :
x� 3

�2
=

y � 1

�4
=

z � 4

�4
.
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direction vectors :

=z4 = (3
,

8
, 1)

=siz = c- 2
,

- 4
,

- 4)

Since the direction vectors u
,

andI are not parallel, the lines

are NOT paralle.

Parametric forms :

- : x = 1+ 3t
, y =3 + 8t

,

z = E

22 : x = 3 - 2s , y = 1- 45
,

2 = 4 - 45

Equatingcorrespondina,-4,

t = 4 - 4

- 3 + 8(4 - 45) = 1 - 45

- 3 + 32 - 32 = 1 - 45 = S = 1

and z = o

substituting s= 1
,
t= 0 into 1 + 3 t = 3-25;

1 + 310) = 3 - 2(1)
1 = 1w

So
,
the lines intersect at a point.

The point of intersection ! t = 0 = X = 1
, y=

3
,

z = 0

OR

s = 1 = x = 1
,
y =

-3
,

z = 0

The point of intersection of
the lines is (1,-3,

0).
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Example 8 (12.5). Determine an equation of the plane passing through the points P (1, 1, 3)

and Q(2, 1, 5) and is perpendicular to the plane y = 2x+ 3z � 4.

The distance D from the point P1(x1, y1, z1) to the plane ax+ by + cz + d = 0 is

D =
|ax1 + by1 + cz1 + d|p

a2 + b2 + c2

Example 9 (12.5). Find the distance between the parallel planes 4x + 2y � z = 1 and

8x+ 4y � 2z = 7.
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No %o Zo

=> 2x - y + 32 = - 4

A normal to the plane y = 2x + 32-4 is n, = < 2
,

-1
, 35

Fa = < 1
,

0
,
27

A normal to the plane is n,
7

= Fax=
↳

2 -13

= ci + j - k = 2
,
1 -i

Equation of the plane is . (a-10 , y -Yo ,
2-20) = o

(2,
1
,

- 1) · (n - 1
, y+, z-3) = 0

- 2 - 1 + 3

2(x -1) + (y - 1) = (2 = 3) = 0

2x + y - z = 0

2
, %,

2,

A point on1x + 2y -z = 1 : x = 0
,y = 0, = - 1 my 10, 0 -1).

Distance beth the parallel planes = distance from 10, 0
, -1) to

the plane 8n + 1y-22-7 = 0

=18(0) + 4(0) - 2(-) -7)

=
684+ 42 + 1-2)2



MATH251 - Spring 25

Week-In-Review 2

Example 10 (12.5). Consider two planes 3x� y + z = 2 and 2x+ y � z = 3.

(a) Find the acute angle between these two planes.

(b) Find an equation of the line of intersection L of these two planes.
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-

(a) A normal to 32-y + z = 2 is n. = (3, -1
, 17

A normal to 2x +y -z = 3 is n = <2,
1
,

- 1)

coso===
(b)3x -y + z = 2 = z = 2 - 3x +y

substituting into ex + y-z = 3 give

2x +y- 2 + 3x -y=3 = x = 1

choosing y = 0 => z = 2 - 3(1) + 0 = - 1.

So
, (0, Yo , 20) = (1, 0

, -1) is a point on the line of intersection.

A direction rector to L
,
is v=x *

o =1
K

I
= oi + 5j + 5k = (0

,
5
, 5)

- T

2 / -I

Egh of the line : (n
, %,2) = < 1

,
0
,

- 1) + t 10
,
5

,
5)

x = 1
, y = 5t

,

2 = - 1 + 5t

-

-
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Example 11 (12.6). Identify and sketch the following quadric surfaces.

(a) x
2
= y

2
+ z

2

(b) x
2
+ y

2 � 2x� 2y � z + 5 = 0

(c) 9x
2 � 9y

2
+ z

2 � 9 = 0
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Xz

x = =jy2+ 22 .....
↳

"
....

ya

&
-

x2
- 2x +1 + y2- 2y +1 - z +2= 0

!
(x - 1) + (y - 1)2 - z + 3 = 0

I=> z = (x - 12+ (y -1)+ 3

est -y

x2-yz+z = 1
2

=>
Choosing y= K

,

we get traces

on 22-plane,
which are ellipse ·of radius JFK

In particular, y = 0=+
y =137

↳


