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The solid whose base is the region bounded by 

semicircle 𝑦 = 1 − 𝑥2 and the 𝑥 −axis. And 
whose cross section through the solid 
perpendicular to the 𝑥 axis are squares. Find 
the volume of the solid. 

Step 1: Plot the graph

Step2. Find the size of a slice at 𝑥 or 𝑦 
• At 𝑥: Thickness 𝑑𝑥 ⇒ Cross section 𝐴(𝑥)
• At 𝑦: Thickness 𝑑𝑦 ⇒ Cross section 𝐴(𝑦)

Step3. Find the volumnof  a slice at 𝑥 or 𝑦 
• At 𝑥: Thickness 𝑑𝑥 ⇒ Cross section 𝐴(𝑥)

• 𝑑𝑉 = 𝐴 𝑥 𝑑𝑥
• At 𝑦: Thickness 𝑑𝑦 ⇒ Cross section 𝐴(𝑦) 

• 𝑑𝑉 = 𝐴 𝑦 𝑑𝑦

Step4. Find the upper/lower limits for 𝑥 or 𝑦 
Step5. Set up integral and evaluate

𝑉 = 𝑎׬

𝑏
𝐴 𝑥 𝑑𝑥 or 𝑉 = 𝑐׬

𝑑
𝐴 𝑦 𝑑𝑦 

𝑑𝑥

𝐴(𝑥)

𝑥

𝐴 𝑥 = 1 − 𝑥2
2

 

𝑉  = 𝐴 𝑥 𝑑𝑥 
 = 1 − 𝑥2 𝑑𝑥  

• Limit for 𝑥 : [−1,1] 

• 𝑉 = 𝑎׬

𝑏
𝐴 𝑥 𝑑𝑥 

    = 1−׬

1
1 − 𝑥2 𝑑𝑥 = 2 0׬

1
1 − 𝑥2 𝑑𝑥 

   = 2 𝑥 −
1

2𝑥2
0

1
= 1 

General slicing method for any volume



Volume by disks perpendicular to the x axis

02 MATH 152 | Week in Review

Volume of solid of revolution around 𝒙 axis
Step 1: Plot the graph

Step2. Find the size of a perpendicular slice at 𝑥 
At 𝑥: Thickness 𝑑𝑥 ⇒ Cross section 𝐴(𝑥)
           𝜋 𝑓 𝑥 2 
Step3. Find the volume of  a slice at 𝑥
• At 𝑥: Thickness 𝑑𝑥 ⇒ Cross section 𝐴(𝑥)

• 𝑑𝑉 = 𝜋 𝑓 𝑥 2𝑑𝑥

Step4. Find the upper/lower limits for 𝑥

Step5. Set up integral and evaluate

𝑉 = 𝑎׬

𝑏
𝐴 𝑥 𝑑𝑥 = 𝑎׬

𝑏
𝜋 𝑓 𝑥 2𝑑𝑥 

Find the volume of the solid that is 
obtained when the region under the
curve 𝑦 = 𝑥 over the interval [1, 4] is 
revolved about the x-axis

𝑑𝑥

𝑥

𝑑𝑥

Radius
= 𝑥 

𝐴 𝑥 = 
𝜋 𝑥 2 

𝑉  = 𝜋 𝑓 𝑥 2𝑑𝑥 
 
1 ≤ 𝑥 ≤ 4  (limits)

𝑉 = 𝑎׬

𝑏
𝜋 𝑓 𝑥 2𝑑𝑥 

    = ׬
1

4
𝜋𝑥𝑑𝑥 

  =
𝜋

2
𝑥2

1
4

    =
𝜋

2
16 − 1 =

15

2
𝜋



Volume by Washer perpendicular to the x axis
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Volume of solid of revolution around 𝒙 axis
Step 1: Plot the graph of 𝑓(𝑥), 𝑔(𝑥) w/ 𝑓 > 𝑔

Step2. Find the size of a perpendicular slice at 𝑥
• At 𝑥: Thickness 𝑑𝑥 ⇒ Cross section 𝐴(𝑥)
• Washer = Large disc – small disc
   = 𝜋 𝑓 𝑥 2 − 𝜋 𝑔 𝑥 2 
Step3. Find the volume of  a slice at 𝑥
• At 𝑥: Thickness 𝑑𝑥 ⇒ Cross section 𝐴(𝑥)

• 𝑑𝑉 = 𝜋 𝑓 𝑥 2 − 𝑔 𝑥 2 𝑑𝑥

Step4. Find the upper/lower limits for 𝑥

Step5. Set up integral and evaluate

𝑉 = 𝑎׬

𝑏
𝐴 𝑥 𝑑𝑥 

    = 𝑎׬

𝑏
𝜋 𝑓 𝑥 2 − 𝑔 𝑥 2 𝑑𝑥 

Find the volume of the solid that is 
obtained when the region between the
curve 𝑦 = 𝑥 and 𝑦 = 2 over the interval 
[1, 4] is revolved about the x-axis

= −

𝑑𝑥
𝑑𝑥

𝑉 = 𝜋 𝑥 2𝑑𝑥 − 𝜋 1 1𝑑𝑥 = 𝜋 𝑥 − 1 𝑑𝑥 
Limit = [1,4]  

𝑉 = 1׬

4
𝜋 𝑥 − 1 𝑑𝑥 

   = 𝜋
1

2
𝑥2 − 𝑥

1

4
=

9

2
𝜋 



Volume by disks perpendicular to the y axis
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Volume of solid of revolution around 𝒚 axis
Step 1: Plot the graph

Step2. Find the size of a perpendicular slice at 𝑦
• At 𝑦: Thickness 𝑑𝑦 ⇒ Cross section 𝐴(𝑦)
           𝜋 𝑔 𝑦 2 
• For 𝑦 = 𝑓(𝑥), solve for 𝑥 = 𝑓−1(𝑦) 
Step3. Find the volume of  a slice at 𝑦 
• At 𝑦: Thickness 𝑑𝑦 ⇒ Cross section 𝐴(𝑦)

• 𝑑𝑉 = 𝜋 𝑔 𝑦 2𝑑𝑦

Step4. Find the upper/lower limits for 𝑦

Step5. Set up integral and evaluate

𝑉 = 𝑐׬

𝑑
𝐴 𝑦 𝑑𝑦 = 𝑐׬

𝑑
𝜋 𝑔 𝑦 2𝑑𝑦 

Find the volume of the solid that is obtained 
when the region between the curve 𝑦 = 𝑥3 
and 𝑥 = 0 between the interval 0 ≤ 𝑦 ≤ 8 
is revolved about the y-axis

𝑑𝑥

𝑑𝑦

Radius
= 3 𝑦

𝐴 𝑥 = 

𝜋 3 𝑦
2
 

𝑉  = 𝜋 𝑔 𝑦 2𝑑𝑦 
 
0 ≤ 𝑦 ≤ 8  (limits)

𝑉 = 𝑎׬

𝑏
𝜋 𝑔 𝑦 2𝑑𝑦 

    = 0׬

8
𝜋𝑦

2

3𝑑𝑦 

  = 𝜋
3

5
𝑥

5

3

0

8

    



Volume by Washer perpendicular to the 𝒚 axis
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Volume of solid of revolution around 𝒚 axis
Step 1: Plot the graph of 𝑓(𝑦), 𝑔(𝑦) w/ 𝑓 > 𝑔

Step2. Find the size of a perpendicular slice at 𝑦
• At 𝑦: Thickness 𝑑𝑦 ⇒ Cross section 𝐴(𝑦)
• Washer = Large disc – small disc
   = 𝜋 𝑓 𝑦 2 − 𝜋 𝑔 𝑦 2 
Step3. Find the volume of  a slice at 𝑦
• At 𝑥: Thickness 𝑑𝑥 ⇒ Cross section 𝐴(𝑦)

• 𝑑𝑉 = 𝜋 𝑓 𝑦 2 − 𝑔 𝑦 2 𝑑𝑦

Step4. Find the upper/lower limits for 𝑦

Step5. Set up integral and evaluate

𝑉 = 𝑎׬

𝑏
𝐴 𝑦 𝑑𝑦 

    = 𝑎׬

𝑏
𝜋 𝑓 𝑦 2 − 𝑔 𝑦 2 𝑑𝑦 

Find the volume of the solid that is 
obtained when the region between the
curve 𝑦 = 𝑥2 and 𝑦 = 2𝑥 is revolved 
about the y-axis

=
−

𝑑𝑦

𝑉  = 𝜋 𝑥 2 − 𝜋 1 1 = 𝜋 𝑥 − 1  
Limit = [1,4]  

𝑉 = 1׬

4
𝜋 𝑥 − 1 𝑑𝑥 

   = 𝜋
1

2
𝑥2 − 𝑥

1

4
=

9

2
𝜋 

𝑑𝑦



Other axis of revolution
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• Make the axis of revolution to 𝑥− or 𝑦− axis by translation
• Translate the function and the axis of revolution 
• Align the  axis of revolution to 𝑥− or 𝑦− axis

Example Find the volume of the solid generated when the region under the curve
𝑦 =  𝑥2 over the interval [0, 2] is rotated about the line 𝑦 =  −1.

• Translate 1 in 𝑦 direction
• 𝑦 = 𝑓 𝑥  ⇒ 𝑦 = 𝑓 𝑥 + 1

• ൞

𝑦 = −1 ⇒  𝑦 = 0 

𝑦 = 𝑥2

𝑦 = 0
⇒  𝑦 = 𝑥2 + 1
⇒  𝑦 = 1 

• 𝑥 = 2 doesn’t change by 𝑦 −translation

Find the volume of the solid generated when the region between the curve
𝑦 =  𝑥2 + 2 and 𝑦 = 1over the interval [0, 2] is rotated about the 𝑥 axis.

= −

𝑑𝑥
𝑑𝑥

𝑉 = 𝜋 𝑥2 + 1 2𝑑𝑥 − 𝜋 1 1 = 𝜋 𝑥2 + 2𝑥 𝑑𝑥 
Limit = [0,2]  

𝑉 = 0׬

2
𝜋 𝑥2 + 2𝑥 𝑑𝑥 

   = 𝜋
1

3
𝑥3 − 𝑥2

0

2



Volume by cylindrical shells about the y-axis
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Volume of solid of revolution around 𝒚 axis
Step 1: Plot the graph

Step2. Find the size of a parallel slice at 𝑥 
At 𝑥: Thickness 𝑑𝑥 ⇒ Cross section 𝐴(𝑥)
           2𝜋𝑓 𝑥 𝑑𝑥 
Step3. Find the volume of  a slice at 𝑥
• At 𝑥: Thickness 𝑑𝑥 ⇒ Cross section 𝐴(𝑥)

• 𝑑𝑉 = 2𝜋𝑓 𝑥 𝑑𝑥

Step4. Find the upper/lower limits for 𝑥

Step5. Set up integral and evaluate

𝑉 = 𝑎׬

𝑏
𝐴 𝑥 𝑑𝑥 = 𝑎׬

𝑏
2𝜋𝑥𝑓 𝑥 𝑑𝑥 

Use cylindrical shells to find the 
volume of the solid generated when
the region enclosed between 𝑦 = 𝑥,
 𝑥 =  1, 𝑥 =  4, and the x-axis is 
revolved about the y-axis.

𝑥 =

𝑥

𝐴 𝑥 = 
     2𝜋𝑥 𝑥𝑑𝑥 

𝑉  = 𝑉  
 = 2𝜋𝑥 𝑥 𝑑𝑥

𝑉 = 𝑎׬

𝑏
2𝜋𝑓 𝑥 𝑑𝑥 

    = ׬
1

4
2𝜋𝑥 𝑥𝑑𝑥



Volume by cylindrical shells about the x-axis
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Volume of solid of revolution around 𝒙 axis
Step 1: Plot the graph

Step2. Find the size of a parallel slice at 𝑦 
At 𝑦: Thickness 𝑑𝑦 ⇒ Cross section 𝐴(𝑦)
           2𝜋𝑓 𝑦 𝑑𝑦 
Step3. Find the volume of  a slice at 𝑦
• At 𝑦: Thickness 𝑑𝑥 ⇒ Cross section 𝐴(𝑦)

• 𝑑𝑉 = 2𝜋𝑓 𝑦 𝑑𝑦

Step4. Find the upper/lower limits for 𝑦

Step5. Set up integral and evaluate

𝑉 = 𝑎׬

𝑏
𝐴 𝑦 𝑑𝑦 = 𝑎׬

𝑏
2𝜋𝑦𝑓 𝑦 𝑑𝑦 

Use cylindrical shells to find the volume 
of the solid generated when the shaded 
region is revolved about the indicated 
axis.

𝑥 − 𝑥 + 2 

𝑥 − 𝑥 + 2 

𝐴 𝑥 = 

2𝜋𝑦 𝑥 − 𝑥 − 2 𝑑𝑦

𝑉 = 0׬

2
2𝜋𝑦 𝑦 − 𝑦2 + 2 𝑑𝑦 

  = 2𝜋 ׬
0

2
𝑦2 − 𝑥3 + 2𝑦 𝑑𝑦 

 = 2𝜋
1

3
𝑦3 −

1

4
𝑦4 + 𝑦2

0

2
 

 = 2𝜋
8

3
−

16

4
+ 4  

 =
16𝜋

3



Comparison of Disk and Shell Methods
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• Less integrals better (See if the volume can be found from a single integral)
• Try washer/disc methods first and see if the integral can be evaluated

• See 𝑓 𝑥
2

 or 𝑓−1 𝑦
2

 are integrable
• If the resulting integral is difficult to evaluate try the shell method

• If the function is 𝒚 = 𝒇 𝒂𝒙𝟐 + 𝒃  such as 𝑒−𝑥2
then the shell method is 

preferred  : ׬ 2𝜋𝑥𝑓 𝑎𝑥2 + 𝑏 𝑑𝑥 w/ u-sub
• See if the integral is obtained without splitting regions with the shell method

A shell method is preferred



Exercise
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