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General slicing method for any volume

The solid whose base is the region bounded by

semicircle y = V1 — x? and the x —axis. And

Step 1: Plot the graph whose cross section through the solid
perpendicular to the x axis are squares. Find
the volume of the solid.

Step2. Find the size of a sliceat x or y

* At x: Thickness dx = Cross section A(x) | e |
* At y: Thickness dy = Cross section A(y) x: ) /\>L

Step3. Find the volumnof asliceatx ory

4\
* At x: Thickness dx = Cross section A(x)
e dV = A(x)dx
\/1\\ dx

* At y: Thickness dy = Cross section A(y) o Alx) = [ T—>2 xz]z
« dV = A(y)dy V( ?.q ) = A(x)dx
w = (1—x2%)dx

Step4. Find the upper/lower limits for x or y
Step5. Set up integral and evaluate

V= f;A(x)dx orV = deA(y)dy

* Limitforx:[—1,1]
= f;A(x)dx
= fl (1- x2 )dx = 2 fol(l — x?)dx
=2 lx ——| =
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Volume by disks perpendicular to the x axis

Find the volume of the solid that is

Volume of solid of revolution around x axis  obtained when the region under the
Step 1: Plot the graph curve y = +/x over the interval [1, 4] is
revolved about the x-axis
Step2. Find the size of a perpendicular slice at x B P e
At x: Thickness dx = Cross section A(x) L . I}\/ﬂ l_ ' W

m[f (x)]?
Step3. Find the volume of aslice at x Rad.US{ A(x) =
* At x: Thickness dx = Cross section A(x) (j/”w_)

e dV =n[f(x)]?dx
v(| ) = nlreolzax
Step4. Find the upper/lower limits for x
1<x<4 (limits)
Stepb5. Set up integral and evaluate

V= ffA(x)dx = f;n[f(x)]zdx V=
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Volume by Washer perpendicular to the x axis

Find the volume of the solid that is
Volume of solid of revolution around x axis obtained when the region between the
Step 1: Plot the graph of f(x), g(x)w/ f > g curvey =+/x and y = 2 over the interval
[1, 4] is revolved about the x-axis

Step2. Find the size of a perpendicular slice at x : :
* Atx: Thickness dx = Cross section A(x) J o0 -1 2
* Washer = Large disc — small disc T9 s a5 er a9 ish b e

= n[f(0)]* = nlg ()]

Step3. Find the volume of aslice at x

| |
N ww N e
Nows N

* At x: Thickness dx = Cross section A(x) o /
c v = x([f@P - [ SERERRET T
: . m -
Step4. Find the upper/lower limits for x A=
ﬂm
Stepb5. Set up integral and evaluate
b
V= f%A(x)dx V((% = n{\/_}zdx — n{1}'dx = n[x — 1]dx
= [ n([f()]? — [g(x)]*)dx Limit = [1,4]

V= f4n(x— 1)dx
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Volume by disks perpendicular to the y axis

Find the volume of the solid that is obtained
Volume of solid of revolution around y axis when the region between the curve y = x3
Step 1: Plot the graph and x = 0 between the interval 0 <y < 8
is revolved about the y-aX|s

Step2. Find the size of a perpendicular sliceaty 't
e At y: Thickness dy = Cross section A(y)
g2 N

e Fory = f(x), solve forx = f~1(y) At
Step3. Find the volume of aslice aty 7%%» R
* At y: Thickness dy = Cross section A(y) A4 = dx

. dV =n[g(y)]*dy O s

Radius V(= =nlg(y)]*dy

Step4. Find the upper/lower limits for y =V

0 <y <8 (limits)
Stepb5. Set up integral and evaluate

v = [ AG)dy = [ nlg(n))2dy v=[n g(y) 2dy
=f0ﬂy3dy

3 518
=7‘[[—x3]
5

0
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Volume by Washer perpendicular to the y axis

Find the volume of the solid that is
Volume of solid of revolution around y axis obtained when the region between the
Step 1: Plot the graph of f(y), g(y)wW/ f > g curvey = x%andy = 2x is revolved
about the y-axis
Step2. Find the size of a perpendicular sliceaty ; =1} K=v5 ==
* At y: Thickness dy = Cross section A(y) T
* Washer = Large disc — small disc

= n[f(¥)]* —nlg(y)]?

Step3. Find the volume of aslice aty

(2,4)
Py

* At x: Thickness dx = Cross section A(y) A(@@ dy
cav = n((fOI - [g»)]1Ddy n I
_ 2 1 _
Step4. Find the upper/lower limits for y V(=) = n{¥x}* - {1} =[x — 1]
Limit = [1,4]
4
Stepb5. Set up integral and evaluate V= fl m(x — 1dx
b 4
V=fa A(y)dy =7T[lx2—x] — 2
2 1 2

= [ 2([F D12 = [g1Hdy
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Other axis of revolution

* Make the axis of revolution to x- or y- axis by translation
* Translate the function and the axis of revolution
* Align the axis of revolution to x- or y- axis

Example Find the volume of the solid generated when the region under the curve

y = x? over the mterval [0, 2] is rotated about the liney = —1.

i « Translate 1 in y direction

c y=fx) 2y=fx)+1
y=-=1 = y=0

c Jy=x? = y=x*+1
y=0 = y=1

* x = 2 doesn’t change by y —translation

Find the volume of the solid generated when the region between the curve
y = x? + 2 and y = lover the interval [0, 2] is rotated about the x axis.

vl = n{x? + 132dx — m{1}* = n[x? + 2x]dx

('}C) - 1\}2
Am}/ Limit = [0,2]
1
m V= foz m(x? + 2x)dx

1 3 22
=7rl—x —xl
3 0
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Volume by cylindrical shells about the y-axis

Volume of solid of revolution around vy axis
Step 1: Plot the graph

Step2. Find the size of a parallel slice at x

At x: Thickness dx = Cross section A(x)
2rf (x)dx

Step3. Find the volume of aslice at x

Use cylindrical shells to find the
volume of the solid generated when
the region enclosed between y = /x,
x = 1, x = 4, and the x-axis is
revolved about the y-axis.

v ) =v({ D

* At x: Thickness dx = Cross section A(x) % o = 2mx(vx)dx
o dV =2nf(x)dx s
=
Step4. Find the upper/lower limits for x \/};T = A(;l:ﬁdx o

Stepb5. Set up integral and evaluate
V= ffA(x)dx = ff 2mxf (x)dx

V= ff 2mf (x)dx
= ff 2mx+/xdx
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Volume by cylindrical shells about the x-axis

Use cylindrical shells to find the volume
of the solid generated when the shaded
region is revolved about the indicated

Volume of solid of revolution around x axis
Step 1: Plot the graph

Step2. Find the size of a parallel slice at y
At y: Thickness dy = Cross section A(y)

2ref (y)dy
Step3. Find the volume of asliceaty

» At y: Thickness dx = Cross section A(y)
» dV =2nf(y)dy

Step4. Find the upper/lower limits for y

Stepb5. Set up integral and evaluate
b b
V=[, A)dy = [, 2rnyf(y)dy

axis.
dx, ‘ L f{_v)—);{:_) Zx.qf_\-
A=
2y (x — Vx — 2)dy
V=ﬁfhwb—y2+m@/

2
=2m [ [y?* — x* + 2yldy

=2m Fy3 —ly4 +y2](2)
=2m |2 -2+ 4]

167‘[

3
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Comparison of Disk and Shell Methods

Less integrals better (See if the volume can be found from a single integral)
Try washer/disc methods first and see if the integral can be evaluated

* See (f(x))2 or (f‘l(y))2 are integrable
If the resulting integral is difficult to evaluate try the shell method
* Ifthe functionisy = f(ax2 + b) such as e ™ then the shell method is

preferred : [ 2mxf(ax? + b)dx w/ u-sub
See if the integral is obtained without splitting regions with the shell method

¥ y

y
1 (1,2)
For 1 <y<2:| 1
R=1 r
r= \‘l —1 Ay o __L__
] e
ForO<y<l:] [ Ay hx) =2 + 1
R=1 ; ] -
r= 0 p(y)=y h(y)y=e"
|
I X
Axis of
Axis of Axis of revolution
revolution revolution
(a) Disk method {(b) Shell method

A shell method is preferred
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. m & 3} s
Find the volume of the solid whose base is the ellipse 22 + 452 = 4 ['he region bounded by the curves y = x* and y = 1 is rotated
and whose cross-sections perpendicular to the y—axis are squares about the line y = 1. Find the volume of the resulting solid.
Evaluate vour integral.
h-.
(a) —
15
by 57
(b} —
i 0 1 o
(c) '
c) —
3
127
(d) —
)
167
le) ——
15
The base of a solid is the region bounded by the curve y = 5 — 22 and the z-axis. Cross-Sections

perpendicular to the y-axis are rectangles with height equal to twice the base. Find the volume of this solid.

‘ . . a 2 .
Consider the region R bounded by y = 2x* and y = 1, first quadrant only.

Find the volume obtained by rotating R about the y-axis.

(¢ ]
1) l
(b) 3
(c) o

i
(d) —

(e) None of the above
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If we revolve the region bounded by y = 1 — 22 and x — y = 1 about the line y = 3.  Consider the region R bounded by y = x.y =1, r = 0. Find the volume
which of the following integrals gives the resulting volume? obtained by rotating the region R about the line y = 1.
'-! -
(a) / 27(3 — x) (2% — = + 2) dx (a) -
-1 6O
1 g
(b) / m(2+2%)2-(d-1x)?) dr (b) 5
2 2
2 [k
(¢) / 2(x — 3) (22 — 2+ 2)dx (c) G
-1 %
‘ "
) P (d) -
(d) / 7 ((4-2)% - (2+2%)3) dx 3
-2 L=
JINn

2 2.9 2 (c) 3
(e) / 7((242°)° = (4—-2)°) dx G
1

Consider the region R bounded bv u# = 42 — 22 and u = 0.

£ g ; : Find the volume of the solid found by rotating the region bounded by
Which of the following integrals gives the volume of the

: g : s the curves y = —22 4+ 2 and y = 0 about the y-axis.
solid obtained by revolving R about the line x = =27 ’ ’ ’
A (a) &«
9 3
(a) / 27(2 — z)(4x — z°) dx 8
0 (b) 3T
4 1
¢ (c) g
(b) / Orx(dx — x2) dx ::
0 (d) 37
4 1
o Y L
(¢) / 27(x + 2)(dx — x°) dx (e) 37
0

1
(d) / 27(x — 2)(4x — 2?) dx
0

(e) None of the above

Consider the solid S whose base is the region bounded by y = 4 — 22 and y = 0. Cross sections perpendicular
to the y - axis are semicircles. Find the volume of S.

Consider the solid S described here. The base of S is the region bounded by y = 22 and y = 4. Cross

sections perpendicular to the x - axis are squares. Find the volume of S.
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Consider the region R bounded by y =22, y= -0+ 2. r =0, and x = 1.

(a) Sketch the region R.

(b) Set up the integral that gives the volume obtained by revolving the region R about the r-axis using
the method of washers. DO NOT EVALUATE THE INTEGRAL.
(¢) Set up the integral that gives the volume obtained by revoling the region R about the line x = 1 using

the method of cylindrical shells. DO NOT EVALUATE THE INTEGRAL.

Consider the region R bounded by y = Inx, y = 0, and x = 2. If this region is revolved about the line y = —2:

(a) Set up but do not evaluate the integral that gives the volume using the method of shells.
(b) Set up but do not evaluate the integral that gives the volume using the method of washers.

The region bounded by y = cosx and the r-axis on the interval [G,%} is rotated about the r-axis,
Find the volume of the resulting solid.

E,

(h)
(e)

—
&

MR R e e

— correct

—
o
e
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The region bounded by y = e* and the r-axis on the interval [0,2] is rotated about the r-axis. Find
the volume of the resulting solid.

e
al o5
(8)
Te?
15} -
W
(c) %f_fﬁj —1) <+ correct
(d) %f_ﬁz —1)

Consider the region bounded by the curves * = y* — 2y and the y-axis. Which of the following
represents the volume of solid formed when the region is rotated about y = 47

2
(a) [ 2my(y* — 2y) dy
S0

2
(h) / 2my(2y — y*) dy
S0

2
(c) [ 24— y)(y* — 2y) dy
S0

2
(d) [ w(y — ) (4y* — y*) dy
J0

2
(e) [ 2r(4 —y)(2y —y*)dy  + correct
Jo
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Consider the region bounded by the two curves y = cosx, y = sinx and the two lines r = 0 and =z = —.

Which of the following represents the volume of this region being rotated ahout the line r = —17

X

x
(a) [ mir+ 1){cosz —sinr)dr + correct
Jo
i ,
[ 2n(x 4+ 1)(sinx — cosx) dr
Jo

(e) [d 27(x + 1){cosx — sinx) dr

g —

(d) [ 2m(x + 1)(eos® = — sin® ) dz
i

T Pl 2 « 7
(e) m(eos® T —sin” ) dr
Jo

Which of the following integrals gives the volume of the solid obtained by rotating the region bounded
by y =5 — % and y = 1 about the r-axis.

(a) r[ﬁ (1 —{5—12:|2) dr

o =2
(b) ~[ (4— 222 dx
o =2
2

(c) ETT[ r(4 — x*)dr
Joz

2

(d) f/ ((5 . 1) dr « correct
J_2

2
(e) ETT[ r(r? — 4)dr

S -2
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Find the volume of the solid obtained by rotating the region bounded by » = y* and » = %* around
the y-axis.

&) E
(b) —
) 10

(c)

(d) — eorrect

HEgE

|l‘||;'_,;| E

\¢) 05
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