TEXAS A&M UNIVERSITY Math 308 — Week-in-Review
:‘FW ~Math Learning Center Week 7:- 6.2-6.4

6.2: SOLVING ODES WITH LAPLACE TRANSFORMS

Review

e Laplace transform of derivatives
- L= 5 Fesd = ylo)
- L{fy= 5T Fes) —59le) -y '©)
- Ly = 93Ee - 5%y ) =5y %) - 7'0)

e How to solve differential equations with the Laplace transform

- Laplace transform
- Solve for Y (s)
- Inverse transform
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Exercise 1
Solve the initial value problem

y' =5y +6y=0, y(0)=-1,

52%3) — 5/7/0) -y o) — 5(5\/(0 —y(o)) -f-{)/(s) =0

(5‘—55%) /) +s -5 =0

Y(s) = 55

=-A D4=-73
2= F
)/(5) _ =3 L 2
s-2 s—3

2t
/’:7(%) - -32 +2e'3t] Page 2 of 11
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Exercise 2

Solve the initial value problem

y'+3y' +2y=0, y(0)=0, ¢(0)=2.

'y / \ )
5 y(s) —Sj(o) b.j ) "'}(SY&) f7(/0)) +Z >/(s) = O

(sz-l- 3s "-Z))és) - 2=0

2
>/(s) —

5 ¢3s+t2
2
y(ﬂ = = ,_/4\ -+ B
(s+1)(5¢2) S+ 52

Z = /4(5-(-2) ‘E'B(s+l>
Z=-B= B=-2
Z=A

2
S+ | S+72

| y)= 2e -2 ]

YCb) =
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Exercise 3

Solve the initial value problem

y' 4+ 4y +4y =2¢, y(0)=0, y(0)=3.

S Zs)*sj'ﬂ(/@ —y‘/ﬂl) "‘"/(57/65) ‘}/0)> T4 Vs = 2 L

s~

éz-/-‘-/s 4-L/> sy — 3 = =

s-1

2
S—1

(<4 +‘{> }2,) = 3 <+

oo - 3 L
() = + -
(s¢2) (s-Y5+2)

- - A B C

+—_"““_“‘-_'+"'~

Cs -«0(9-(—231 5 -1 (s<2)" s+2

= Alsez) + BC-1D+~ Cls_D(542)
2=94 = 4= %
2=-38= B="%
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>/653

5 - 5
-2
C="%
3 2 _ 2 l
—= t s . - = -2
(2 4 o- 3 G+<2)* 9 vz
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Exercise 4

Solve the initial value problem

y"+y =0, y0)=0, y(0)=4, y'(0)=2

Z“)’("C& ’lLl’anS\!éV‘w\
3 \ \\ s /
S Y(s) —573/0)—57 70) -9 ) + 57’6)7/(:)):0

(53—'—5))/(5) -Us -2 = O
50[vc 1£°v~ >’m

st) = 1s €2

s’¢s
.Il;\vévs.@ +\/4m5 -(Z)VM

Joo = 272 A gec

5[57‘+’> S 5%+ |

Y5 +7= /4(52{-1) -+ (Bs-‘-é)s

= As*+4 + Fs?<Cs
= (A+B)sz' +Cs+ A

B=-A=— v A%F
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2 4 —ds +q
S 52+ |

Z s !
S

s? Loy

+ | s %t

[}&h 2 = 2cos () + 50 (4) /
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6.3: STEP FUNCTIONS

Review
¢ The unit step function v, is defined by
o, t<cc A
w, () =

| tz2c I T
ot 2
¢ <

e |t can be used to write discontinuous functions into a single equation.

e The Laplace transform of u.. is

—CS

Z{acg = 65

¢ |Laplace transforms of shifts

Z{ we B) L4 3 = &‘GFCSD

XEwucOLE) 3 = 2 JL(¢+)3

X-‘{ e F(s‘)j = w. () L4-)

e Inverse Laplace transform of shifts

L f Frsod= L))
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Exercise 5

Convert the following function to a piecewise function. Also, graph the function. Compute its Laplace
transform.

ft) = us(t) — 4us(?)

O €<
f0= ¢ 1« ceees ][
-5 €23 | y ’
f >{
-3
2ie3=Zfuwd-ar{us3
-2 -3s
= & _ l—/ &
3 s

Exercise 6
Convert the following function to a piecewise function. Compute its Laplace transform.
f(t) = 1% —sin(t — Dy (t) — Pus(t)
t* E < |
Ly =) trsnte) icees
—Sru (d-1) t>2

é({ £ s (-1, (b) - tru, 3

—

- 323 ~ el (£+1-1)3 —e:ZSZ £ (e+2)*3
4 -6:551/ el ety 3

5

Z -5__| “2s/ L4 + i)
= = - — 3 <
( 53 = st & S S S Page 7 of 11
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Exercise 7
Convert the following piecewise function into a form that involves step functions.
0 t<3
gt) =<5 3<t<6

cos(2t) t>6

JO = b lt) ~Su, (8) + cos (28) , (8)

Exercise 8
Convert the following piecewise function into a form that involves step functions. Compute it's Laplace
transform.
(1) = 2t t<4
T = e ¢ > 4

j("vL) = Z"ﬁ‘ —Z‘éq,q [{') +e,2{_ U, [1.[—)

G¢s = P A Vs SUSLR SR ICAN

L
—

2 _ _
2 ~le qs(é + si> +te "‘Jﬂef*}

SL

_ 2 “{s[/ ‘{) g ~4s _I
= = — — -+ 1)+ —
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6.4: DIFFERENTIAL EQUATIONS WITH
DISCONTINUOUS FORCING FUNCTIONS

Exercise 9

Solve the initial value problem.

"+ f=ult), f(0)=0, f(0)=0.
Lafldce 7Ll/l4u6 AV‘M

~2s
5277:(5) —51[-\(,0) —'F\(a) + Fes) = %

-2

(sz+/)FCs) = es
So[uc 100.,- F(S)

-2
F(s) = &

s{s*+l)
Ihucvse, ’(LVU«.S AV‘M

(\ - A " B$+C
5(57‘-?I) S 5-sz

[ = Als*e) +(Bs<C)s
= As* +4 + Bs*<(s
= [/HB)szﬂ‘-Csﬂ‘/‘)
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TEXAS A&M UNIVERSITY Math 308 — Week-in-Review
;‘FW ~Math Learning Center Week 7:- 6.2-6.4

Exercise 10

Solve the initial value problem.

2 t<4
w’ +w' = , w(0)=0, w'(0)=0.
0 t>14

= 2- Lu, (¥

S, P ; _q
62 Wes) — 5w o) —WHO) + 5 Wes) - wlb) = —z— _ L7
S

(91+5> Wee) = (2_26-415) +

S

Wes = (2 - Ze_qs) :

$($z+§)

-4 !
= (Z_-Zé' “> 52'(54-!)

| - A _ B _c
57'(314) * ©

| = A(s-:—l} + Bs(s+1) +Cs©

fl

As+A +BsT«Bs+Cs ™
(B+C)s" + (AP s + A4

\
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Z(—i—~""’>_ ‘%(’ { (>
le st s T sel

y §
. S s+

8‘,\}1/‘{) = 2¢ -2 +e--& \Z“q /‘l)([é_q) —l eg(l“q>
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Exercise 11

Consider a spring and mass system with a 4 kg mass hanging on a spring. When the mass is hung on
the spring, the spring extends 40 cm. The mass experiences a damping force of 6 N when the mass is
moving 3m/s. The mass starts from equilibrium at rest, but there is an external force sin(¢) that lasts
for the first 27 seconds. Write down the initial value problem that describes this situation.

m =4 k]
M Yy - 10
= L_ => = _—1 = - Vv
MJ R k L 0.4 [00 "7
s Sl M S wm
5,;¢J 3/ m/s

T—_—L;—(:“ + Zu\ +/a/)“' = SZL.,(’é) — sm(-l-) L{,zn,((->

wlo) =0, «'(0)=0.
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