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Week in Review 
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Week 05

Trigonometric Integrals

Trigonometric Substitution

Integration by Partial Fractions



Trigonometric Integrals

 sin2 𝜃 cos3 𝜃 𝑑𝜃  

 =  sin2 𝜃 cos2 𝜃 cos 𝜃 𝑑𝜃  : odd man out

=  sin2 𝜃 1 − sin2 𝜃 cos 𝜃 𝑑𝜃  

 𝑢 = sin 𝜃  ⇒
 𝑑𝑢 = cos 𝜃𝑑𝜃 

𝑥=0 

𝑥=𝜋/2
⇒   

𝑢=0 

𝑢=1

0

1
𝑢2 1 − 𝑢2 𝑑𝑢 

 = 0

1
𝑢2 − 𝑢4 𝑑𝑢 

 =
1

3
𝑢3 −

1

5
𝑢4

0

1
 

 =
1

3
−

1

5
=

2

15



Trigonometric Integrals

Recall sin 2𝑥 = 2 sin 𝑥 cos 𝑥 
 cos 2𝑥 = cos2 𝑥 − sin2 𝑥 
   = 2 cos2 𝑥 − 1  
   = 1 − 2 sin2 𝑥

From sin 𝑥 cos 𝑥 =
sin 2𝑥

2
 

 cos2 𝑥 sin2 𝑥 𝑑𝑥 = 
sin 2𝑥

2

2
𝑑𝑥 

   =
1

4
 sin2 2𝑥 𝑑𝑥 

   =
1

4


1−cos 2𝑥

2
𝑑𝑥 

   =
1

8
𝑥 −

1

2
sin 2𝑥 + 𝐶



𝑑𝑥

cos 𝑥 
𝑉 = 𝜋 cos2 𝑥 𝑑𝑥 

 𝑉 = 0

𝜋/2
𝜋 cos2 𝑥 𝑑𝑥 

     = 0

𝜋/2
𝜋

1+cos 2𝑥

2
𝑑𝑥 

     =
𝜋

2
𝑥 +

1

2
sin 2𝑥 

0

𝜋/2
 

     =
𝜋

2

𝜋

2

     =
𝜋2

4

Trigonometric Integrals



0

𝜋/4
tan2 𝜃 sec2 𝜃 sec2 𝜃 𝑑𝜃  

0 = 

𝜋/4
tan2 𝜃 tan2 𝜃 + 1 sec2 𝜃 𝑑𝜃

 𝑢 = tan 𝜃 
 ⇒ 𝑑𝑢 = sec2 𝜃 

𝑥=0

𝑥=𝜋/4
⇒ 

𝑢=0 

𝑢=1
 

0 

1
𝑢2 𝑢2 + 1 𝑑𝑢

Trigonometric Integrals

sec out;  odd man out



Trigonometric Integrals

 tan2 𝑥 sec2 𝑥 sec 𝑥 tan 𝑥 𝑑𝑥 

=  sec2 𝑥 − 1 sec2 𝑥 sec 𝑥 tan 𝑥 𝑑𝑥  

𝑢 −sub : 𝑢 = sec 𝑥 
𝑑𝑢 = sec 𝑥  tan 𝑥𝑑𝑥  

=  𝑢4 − 𝑢2 𝑑𝑢 

=
1

5
𝑢5 −

1

3
𝑢3 + 𝐶  

=
1

5
sec5 𝑥 −

1

3
sec3 𝑥 + 𝐶 

sec out;  odd man out



Trigonometric Integrals (Exercise)
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Trigonometric Integrals  (Exercise)



Trigonometric Integrals  (Exercise)



Trigonometric Substitution


1

1+𝑥2 +
𝑥

1+𝑥2 𝑑𝑥  

= 
1

1+𝑥2 𝑑𝑥 + 
𝑥

1+𝑥2 𝑑𝑥  

atan 𝑥 +
1

2
ln 1 + 𝑥2 + 𝐶 



 𝑥2 + 𝑥 +
1

4
−

1

4
𝑑𝑥 

 =  𝑥 −
1

2

2
−

1

4
𝑑𝑥 

 = 
1

4
2𝑥 − 1 2 − 1 𝑑𝑥  

 2𝑥 − 1 = sec 𝜃 
  2𝑑𝑥 = sec 𝜃 tan 𝜃 𝑑𝜃 

=
1

2
 sec2 𝜃 − 1

1

2
sec 𝜃 tan 𝜃 𝑑𝜃  

=
1

4
 tan2 𝜃 sec 𝜃 tan 𝜃 𝑑𝜃  

=
1

4
 sec 𝜃 tan2 𝜃 𝑑𝜃  

Trigonometric Substitution




𝑑𝑥

9
𝑥

3

2
+1

5/2  

𝑥

3
= tan 𝜃 

1

3
𝑑𝑥 = sec2 𝜃 𝑑𝜃 

 = 
3 sec2 𝜃𝑑𝜃

32 tan2 𝜃+1 5/2 

= 
3 sec2 𝜃𝑑𝜃

32 sec2 𝜃 5/2  

= 
3 sec2 𝜃𝑑𝜃

35 sec5 𝜃
 

=
1

34 
1

sec3 𝜃
𝑑𝜃  

=
1

34  cos3 𝜃 𝑑𝜃  

=
1

 34 cos2 𝜃 cos 𝜃 𝑑𝜃 

=
1

34  1 − sin2 𝜃 cos 𝜃 𝑑𝜃 

 Let 𝑢 = sin 𝜃 
 ⇒ 𝑑𝑢 = cos 𝜃 𝑑𝜃 

=
1

34  1 − 𝑢2 𝑑𝑢 

=
1

34 𝑢 −
1

3
𝑢3 + 𝐶 

=
1

34 sin 𝜃 −
1

3
sin3 𝜃 + 𝐶 

 

 =
1

34

𝑥

𝑥2+9
−

1

3

𝑥

𝑥2+9

3
+ 𝐶

𝜃 
3 

𝑥 

Trigonometric Substitution



Trigonometric Substitution

 𝑥2 𝑥 + 2 2 + 32𝑑𝑥  

       Trig sub: 𝑥 + 2 = 3 tan 𝑢 
  𝑑𝑥 = 3 sec2 𝑢 𝑑𝑢 
 𝑥2 = 3 tan 𝑢 − 2 2

 𝑥2 𝑥 + 2 2 + 32𝑑𝑥 

 =  3 tan 𝑢 − 2 2 3 sec 𝑢 3 sec2 𝑢 𝑑𝑢



Trigonometric Substitution

Trig sub 𝑥 = 2 sec 𝑢 
𝑑𝑥 = 2 sec 𝑢 tan 𝑢 𝑑𝑢 
 𝑥2 − 4 = 4sec2𝑢 − 4 = 4tan2𝑢 

𝑥=2  2

𝑥=4
⇒ 

𝑢=
𝜋

4

𝑢=
𝜋

3   

𝜋

4

𝜋

3 2 tan 𝑢

2 sec 𝑢
2 sec 𝑢 tan 𝑢 𝑑𝑢  

 = 2 𝜋

4

𝜋

3 tan2 𝑢 𝑑𝑢 
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Trigonometric Substitution (Exercise)



Trigonometric Substitution  (Exercise)



1

𝑥+1 𝑥−3 𝑥+1 𝑥2−2𝑥+2
 

 =
1

𝑥+1 2 𝑥−3 𝑥2−2𝑥+2
 

 =
𝐴

𝑥+1
+

𝐵

𝑥+1 2 +
𝐶

𝑥−3
+

𝐷𝑥+𝐸

𝑥2−2𝑥+2
 

Integration by Partial Fractions



4𝑥2−5𝑥+11

(𝑥+1)(𝑥−1)(𝑥2+4)
=

4+5+11

 (−2)(1+4)

(𝑥+1)
+

4−5+11

(2)(1+4)

(𝑥−1)
+

𝐶𝑥+𝐷

𝑥2+4
 

 =
20

 −10

(𝑥+1)
+

10

10

(𝑥−1)
+

𝐶𝑥+𝐷

𝑥2+4
 

 =
−2

(𝑥+1)
+

1

(𝑥−1)
+

𝐶𝑥+𝐷

𝑥2+4
    

4𝑥2−5𝑥+11

(𝑥+1)(𝑥−1)
=

−2

𝑥+1
+

1

𝑥−1
𝑥2 + 4 + 𝐶𝑥 + 𝐷 

Let 𝑥 = 2𝑖
−16−10𝑖+11

5
= 2𝐶𝑖 + 𝐷 

−1 − 2𝑖 = 2𝐶𝑖 + 𝐷 
𝐶 = −1, 𝐷 = −1 


2

(𝑥+1)
+

1

(𝑥−1)
−

𝑥

𝑥2+4
−

1

𝑥2+4
𝑑𝑥 

• 
2

(𝑥+1)
𝑑𝑥 = 2 ln |𝑥 + 1| + 𝐶 

• 
1

(𝑥−1)
𝑑𝑥 = ln |𝑥 − 1| + 𝐶  

• 
𝑥

𝑥2+4
𝑑𝑥 =

1

2
ln(𝑥2 + 4) + 𝐶 

• 𝑢 = 𝑥2 + 4 ⇒ 𝑑𝑢 = 2𝑥𝑑𝑥 

• 
𝑥

𝑥2+4
𝑑𝑥 =

1

2


1

𝑢
𝑑𝑢

• 
1

𝑥2+4
𝑑𝑥 =

1

4


1

𝑥

2

2
+1

𝑑𝑥 

• tan 𝜃 =
𝑥

2
 

• 2 sec2 𝜃 𝑑𝜃 = 𝑑𝑥 

   =
1

4


2 sec2 𝜃

tan 𝜃 2+1
𝑑𝜃  

   =
1

2


sec2 𝜃

sec2 𝜃
𝑑𝜃 

   =
1

2
𝜃 + 𝐶 

  =
1

2
arctan

𝑥

2
+ 𝐶


4𝑥2−5𝑥+11

(𝑥+1)(𝑥−1)(𝑥2+4)
𝑑𝑥 =  

 2 ln |𝑥 + 1| + ln |𝑥 − 1|

    −
1

2
ln 𝑥2 + 4 +

1

2
arctan

𝑥

2
+ 𝐶

Integration by Partial Fractions



Integration by Partial Fractions

Long division 

𝑥3+𝑥

𝑥−1
=

𝑥3−𝑥2+𝑥2−𝑥+2𝑥−2+2

𝑥−1
  

 =
𝑥2 𝑥−1 +𝑥 𝑥−1 +2 𝑥−1 +2

𝑥−1

 = 𝑥2 + 𝑥 + 2 +
2

𝑥−1
 

 𝑥2 + 𝑥 + 2 +
2

𝑥−1
𝑑𝑥 

𝑥3

3
+

𝑥2

2
+ 2𝑥 + 2 ln |𝑥 − 1| + 𝐶 



Integration by Partial Fractions

Partial fraction
𝑥+2

𝑥2 𝑥2+1
=

𝐴

𝑥
+

𝐵

𝑥2 +
𝐶𝑥+𝐷

𝑥2+1
 

Multiply by 𝑥2 and let 𝑥 = 0
0+2

02+1
= 𝐵  ⇒ 𝐵 = 2 

Simplifying 
𝑥+2

𝑥2 𝑥2+1
−

2

𝑥2 =
𝐴

𝑥
+

𝐶𝑥+𝐷

𝑥2+1
 

𝑥+2−2𝑥2−2

𝑥2 𝑥2+1
=

𝐴

𝑥
+

𝐶𝑥+𝐷

𝑥2+1
   ⇒

1−2𝑥

𝑥 𝑥2+1
=

𝐴

𝑥
+

𝐶𝑥+𝐷

𝑥2+1

Multiply by 𝑥and let 𝑥 = 0
1−2⋅0

02+1
= 𝐴 ⇒ 𝐴 = 1  

Simplifying 
1−2𝑥

𝑥 𝑥2+1
−

1

𝑥
=

𝐶𝑥+𝐷

𝑥2+1
 

1−2𝑥 −𝑥2−1

𝑥 𝑥2+1
=

𝐶𝑥+𝐷

𝑥2+1
   ⇒

−2−𝑥

𝑥2+1
=

𝐶𝑥+𝐷

𝑥2+1


𝑥+2

𝑥2 𝑥2+1
𝑑𝑥 = 

1

𝑥
+

2

𝑥2 +
−𝑥−2

𝑥2+1
𝑑𝑥 

= 
1

𝑥
+

2

𝑥2 −
𝑥

𝑥2+1
−

2

𝑥2+1
𝑑𝑥  

= ln |𝑥| −
2

𝑥
−

1

2
ln 𝑥2 + 1 − 2 atan 𝑥 + 𝐶 



Integration by Partial Fractions (Exercise)



Integration by Partial Fractions (Exercise)



Integration by Partial Fractions (Exercise)
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