MATH 152
Week in Review

5.5 The Substitution Rule
6.1 Area Between Curves
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Integration formulas

[0dx = ¢
[ dx = x+C
. _ _ X7 T1
[xTdx = (r+-1) — +C
[ cosxdx = sinx + C
[ sinxdx = —cosx +C
[ sec?xdx = tanx + C
fsecxtanxdx= secx + C
[ cscxcotxdx = —cscx + C
JeXdx = e+ C
[b*dx = (0 < b,b #1) 4 C
fidx: In[x| +C
[ — — tan"lx + C
1+x2
I 11x2 dx = sin"tx + C
1
/ dx = sec x|+ C
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Integration
Workflow

{ S; rt )

Rewrite/
Simplify

Formula
sheet

u —sub

C Start )
Rewrite/
Simplify
- ¥ Formula
.
”‘:: Tmf, J—{ cheat

Integration
by parts

Trig
integration

u —sub

u —sub

Partial
Fraction

Not-Factorizable
Quadratic

Trig Sub
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Method of u-substitution (Euler)

Q Differentiation inverse Integration
= |n differentiation : Chain Rule :% IF(g()] =F'(g(x))g'(x)
= Inintegration: [ F'(g(x))g'(x)dx = F(g(x)) +C

Outside function

How to apply u —sub
J‘ flg(x)g’(x) dx = Flg(x)) +

\_V_J
Y -

1. Pattern recognition nside function | | 5418 on JoNz+xtde
* The integrand is a product of two functions g _ 22 ++xﬁ4
(composite fun * inner fun derivative)
e f = outer function (usually more complex) B A
* g(x) =inner function (usually simpler) Zu_z i;;;x
2. Substitute the inner function as u x3dx = 1/4 du
. = g(x) thendu = g'(x)dx [ fFadu =
* Include the constant term f\m dx = —f\/—du
Rewrite the integral in u: [ f(u)du F(u) _Z(i 372", C)

Integrate in u: | f(u)du = F(u) + C
Substitute back to x: ff(g(x))g’(x)dx = F(g(x)) + C

kW

F(x) =g(2 + x4)5 +C
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Change of Variables for Definite Integrals

1 Back substitution (Not recommended)
b ’
If [ f(g(x))g (x)dx = F(g(x)) + C then

g(b)
f f(9(0))g' @dx = [F(g()], = F(g(@) - F(g(b)) = [Fa)I%) = f o
g(a

QComplete substitution f flg(x))g' (x)dx = f 4(b) ) fw) du
= Substitute u = g(x) then du = g’ (x)dx

= Change the limits with respect to u: fb fg( )

9(a) (g should be one to one)

= Rewrite the integral in u: fg( f(u)du

= Integrate in u: fg( )f(u) du = [F(u)] ggg =F(g))—F(g(a))

Example: Evaluate f1 de by back substitution.

Find an antiderivative: Rewrite : flnx (i dx)
u-sub u=lnx;du=%dx
1 1
Antiderivative Judu = Euz t0 =3 (Inx)?+C
: . ] 1 21 _ 1 2 1 2
Evaluate the integral: fle%dx _ [2 (Inx) ]1 = (Ine) x (In1)

aHORHOES
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Examples
elnx . .
Evaluate fl de by complete substitution.
Rewrite : [Inx G dx)
Id f(g) and g’
. f(g) = Inx = f(x) =x
. g= In x
« g'= 1/x
u-sub u=lnx;du:%dx
complete substitution fx=e fu=ln e
for the limits x=1 u=ln1
e 1 Ine
Evaluate the integral: f Inx (‘ dx) = a1 u(du)
- M
~[12 - 0?]

[\)Il—\[\)
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Area Between Curves
Review

g i"’*’j v

-

/
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Parent Functions

: “
r » a
: JO)=x 3
« M ? ) 4 2
.
- [ O 3
Linear Quadratic

Logarithmic

Exponential

Reciprocal

V\ 7 N /1\"/\

' \/l fG)=sinx ' f(\) cos x

Sine Cosine

Absolute

-~

-1 0 | 2 3 4 5 %

Square Root

i

x,/ ‘.

/f(x) = tan x

Tangent
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between curves f(x)and g(x),f > g

The integration domain is x axis = dx

1.
2.

3.

4.

5.

Plot the graphs
Draw an infinitesimal strip

Find the area of the infinitesimal strip
* [Function of x]dx
e [Large fun —Small fun]dx

* [f) —g()]dx

Find the upper/lower limits

* Solve the equations if needed

* Inthis case, [a, b] is given
Integrate the area of infinitesimal strips

L) — g()]dx

The integration domain is y axis = dy

2.

the area of the infinitesimal strip
e [Function of y]ldy
e [Large fun, g —Small fun,f]dy
* [g7'O) -]y
« g7 o) - T O)]dy

)= ()
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How to find the area between curves f(x) and g(x)

Area between the curves
> 1 [ v=x+6
Whenf(X)_g(X) 10+ \ (/}) y = xzandy = X + 6.
9 (3.9)

1. Plot the graphs

.
6
S 2
(-2.4) :r : 3%2“-&6) . xz
2. Draw an infinitesimal strip )
|

D [(x + 6) — x?]dx
3. Find the area of the infinitesimal strip (Need limits for x)
x’=x+6
x+2)(x—3)=0
4. Find the upper/lower limits =>x=-2,3

P : 11,2 1.3
5. Integrate the area of infinitesimal strips = lgx —6x——xl
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How to find the area between curves f(y) and g(y)

When f(y) = g(v)

1.

Area between
x = y?andy = x — 2

Plot the graphs

Draw an infinitesimal strip [y + 2 —y?]dy
(Need limits for y)
© y+2=y%5y*-y-2=0
Find the area of the infinitesimal strip y+1Dy-2)=0
=>y=-12

2
S +2-yHdy
_|1,,2 _1 3]
_lzy + 2y 3}/]_1
=222 -D+2Q+ 1D -3+ 1)
3 9 3 9

Find the upper/lower limits

Integrate the area of infinitesimal strips
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“Net signed area” vs “Total area”

Net signed area of f(x) over (a,b) = f:f(x) dx
* Area taking into account both positive and negative regions

of f(x).
* The sign of the area indicates whether the curve lies above
or below the reference axis.

 (Areaof A;) — (Area of 4,) 1

Total area of f(x) over (a,b) = f: |f(x)| dx 4
e Area without considering whether the curve lies above or 2

. 2
below the reference axis v V
Example: y=x-—1

1
Find the net area of y = x — 1 over [0,2] /
1 1
Al = —E andAz =E

foz(x —1dx =0

Find the total area of y = x — 1 over [0,2]
fozlx — 1|dx

= fol(O —(x—1))dx + fol((x —1) —0)dx

2 2
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Area between curve = Total area

Plot the graphs

Separate the domain
Draw an infinitesimal strip
Find the area of the
infinitesimal strip

{{f (x) — g(x}dxif f > g

{g(x) — f(x}dxif g > f

5. Find the upper/lower limits for
each domains

B wnN e

6. Integrate the area of
infinitesimal strips for each
domains and add

Area between the curves y = sinx, y = cosx
over (0,1/2). ¥
{ Y oomsT ¥y=sinx

.-" i,
(cosx — sin :c)' . H“II (sin x = cos x)
d E 4 .

=0

I==

dx dx| -~

On A4, (cosx —sinx)dx > 0
On A,, (sinx — cosx)dx > 0

-1 > tanx =1

sinx =cosx =
COS X

T
=>x ==
4

T
JZlsinx — cos x| dx
m T
= f04(cosx — sinx)dx + ff(sinx — cos x)dx
‘ /2

= [sinx + cos x]g/4 + [—cosx — sinx]ﬂ/4

=272 -2
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Net areas of odd/even functions over [—a, a]

f(x)isevenif f(—x) = f(x)
Example
x€Ven cos x

feven i geven
feven X geven
foad X Yodd

0

f;'(evev fun)dx

=2 foa(even fun)dx

Example:
JLBx)dx =[x =13 — (-1)% =2
2 f01(3x2)dx =2[x3]§ =2(1-0) =2

f(x)isoddif f(—x) = —f(x)
Example
x°%% sin x,tanx

fodd £ Goaa
feven X Yodd

X

f;(odd fun)dx
=0

Example:
[L20)dx = [x?]L; =12 = (-1)? =0
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Problems

5
i
';:'. 0

/

16
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Compute / 3/ 2 + rtdr

(a) None of these

(b) L (2+2Y)"" +C

— —
o =
p — p S——

DolCa oo Ol e

—
D
e

Solution 2
Differentiate (a) to (e)

Problems

Rewrite :

Id fand g’
. f=

g =
g' =
u-sub

Solve

u=2+x*
du = 4x°dx

x3dx = %du

V2 + x*(x*dx)
1

= [ vuGdu)

%fuidu

3
=1Fu5]+6
43

1 3
—2+xMz+C
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Problems
Compute 1/["\# rsin(m — 2%) dr Rewrite - f(;/ﬁ sin(t — x?) (xdx)
(a) —2BVT Id f and g’
2 g f =sinx
(b) —2 c f= g =m—x?
(e) —1 S 9= g =-2x
(d) 1 9=
(e) 2
u=rm-—x?
u-sub du = —2xdx
= xdx = —%du

2
complete substltutlonf \/—=> fn—\/zﬁ
for the limits -0

b a 0 . 1
fa f(x)dx = — fb f(x)dx fn smu(—zdu)
Evaluate the integral: = lf” sinu du
270
= %[— cosulg

=%[—cosn+cosO] =1
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/4 2
sec(f
Evaluate / ‘ (%)
0

df
2 + tan(#)

Problems
/4 1 2
Rewrite : fo 2+tan O (sec” 6 db)
'df and g f=1/g
f B g=2+tanf
9= g’ =sec?0
° g —
u=2+tanf
u-sub du = sec? 6 do
xX=1/4 2+tan /4
complete substitution fxzo f2+tan0
for the limits
31
J, = (dw)
Evaluate the integral: = [ ME
=In3—1In2

3
= In-=
2
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Problems
Evaluate /.I‘B vr?+1dr. Rewrite : [ x%Vx? + 1(xdx)
(a) L@?+1)7 - L2+ )7 +C dfand g
an
() L2+ )i+ o J f=g\2/g+1
. L g=x
(¢) 3a2vVa? +1+ g+ C g,__ g' = 2xdx
2 2 2/ 9 9=
(d) 5(1‘ +1)° — 5(;1‘ +1)+C
(e) None of these . U=x241>x2=y—1
du = 2xdx
= xdx = %du
[ x*Vx? + 1(xdx)
Evaluate _ _ 1
the integral: = . 1)\/? (2 du)
= %f(uE — u2)du
5 3
= %EuE —guil +C

1.2 > 1.9
=-(x*+1):2—-(x"+ 1D +C
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Problems
16
If f is continuous and () dr = 8. 4 2
39 ntinuous an /“ f(x) fo f(x )(xdx)
4 . Rewrite :
find / 21 (2") dx:
(a) 16 I.dfandg g=x2
(IH _), . g _ gl — ZX
(C) & ° gl —
(d) 64
(o) 4 u=x?
u-sub du = 2xdx

1
= xdx =Edu

fx:4 N fu:42
complete substitution “x=0 u=02
for the limits

fo! fQ)(5du)

, : 1 016
Evaluate the integral: _ ~ fo f(uw)du

=5 ®)
=4
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| el 1l

'

I
i

I

Problems

area bounded In

O oand r— 1 Whenf(y) =g()

£

'

1.

Plot the graphs

Draw an infinitesimal strip

Find the area of the infinitesimal strip
Ie TC A = (eF — e M)dx

dx

Find the upper/lower limits

0<x<1

Integrate the area of infinitesimal strips

A
fol(ex — e ¥)dx

=[e* +e7]g

| =('+e™)-(1+1)
=e+ é — 2




n MATH 152 | Week in Review
Problems

Which of the lollowing represents th
2r and y 2r on the mterval from | 1o i

1. Plot the graphs
2. Draw an infinitesimal strip (x2 — 2x)

3. Find the area of the infinitesimal strip
— (2 _
Ixz e A = (62 — 4x)dx

| i i dx :

-./ A(]) = (4x — x?)dx :
2x — (x% — 2x) 2x — (x? XY C
dx

4. Find the upper/lower limits
x> —2x=2x = x*—4x =0

.-\_""--\._. I..-\-""-—\.- "-—_____‘. "‘--..____‘._ "-—-____\_._

tr—a?dr+ [ 2%~z x(x—4)=0 = x=04
. [1,4], [4,6]
5. Integrate the area of infinitesimal strips
Area between curves f6|x2 — 4x|dx
= total area *

— f14(4x — x?)dx + ff(xz — 4x)dx
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Exerc:se

—

-

/

24
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Problems

sin &
dr =
/ (1 +cosx)?

1 i
a C
(a) 2(1 + cosx)? i

1
| '
(b) (1 + cosx)? i
—1
2(1 + cosx)?
| i
1 C
() 4(1 + cosx)? -
—1

C
() 4(1 + cosx)? i

+C
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Problems

Which of the following integrals gives
the area of the region bounded by the

curves = = y* and =6 —y?

(a) /Q (6 —y—y?)dy

_3
2

(b) 3(:‘;2 — 6+ y)dy
9

(c) ], (6 — 2z —/x)dy

(d) /(\/_—G—l—ir dy

(e) £ (6 —y—y?)dy



n MATH 152 | Week in Review

2

(a) 2In3
(b)

(¢c) m3—1

(d) 2In3 —2
(e) 2In2

Evaluate / ;I :
J3 TS — 1

2In2 — 2Inv2

dx

Problems
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Problems

)

(‘n“\'lclo-l' lhc- ]‘4-1\'.“.“ I.' Iuplllulo'cl li\' 1) x s U v :l' on lhc' illh'l‘\'.‘ll
from r = 0 to xr = 2. Which of the following gives the area of R

l v
(a) / (Vr I'.))lll'°/ (‘I‘., vor) da
JO v
l 2 )
(b) / (I': vr)dr4 / (Vr—z2%) da
JU) J1
() / (Vz — %) dr
Jo
(d) / (r* — V) dx

() _\unv ol 'lu'\n'
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Problems
- — R o
Evaluate / L’m\(/_ﬂ . ewrite
T
w2 /16 ,
Id f and g
\) . f _
) L9
(b) 2+ 2
V2 oo
Y 2 1 u-sub
(d) =2+ 2
() 1 —+/2

complete substitution
for the limits

Evaluate the integral:
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Problems

)

Find the area bounded by y + =6 and y +:

16

(A)
‘)
) J
()
(b) —
)
o
)
¢y —
o |
)
32
l(l) —_
|
)

(e¢) None of the above
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Problems

Find the area of the region bounded by = = y? and =z = vy + 2.

il Sl VRN S

(e) None of the above
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Problems

Calculate the area of the regloln bounded
- 2 9y
by the curves 4r + y* = 12 and = = .

(a) 21
(b) %
(c) &
(d) 22

T3
(€) 7
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