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Integration formulas

∫ 0 𝑑𝑥 = 
∫ 𝑑𝑥 = 

∫ 𝑥𝑟𝑑𝑥 = 𝑟 ≠ −1

∫ cos 𝑥 𝑑𝑥 = 

∫ sin 𝑥 𝑑𝑥 = 

∫ sec2 𝑥 𝑑𝑥 = 

∫ sec 𝑥 tan 𝑥 𝑑𝑥 = 

∫ csc 𝑥 cot 𝑥 𝑑𝑥 = 

∫ 𝑒𝑥𝑑𝑥 = 

∫ 𝑏𝑥𝑑𝑥 = 0 < 𝑏, 𝑏 ≠ 1

∫
1

𝑥
𝑑𝑥 = 

∫
1

1+𝑥2 𝑑𝑥 = 

∫
1

1−𝑥2
𝑑𝑥 = 

∫
1

𝑥 𝑥2−1
𝑑𝑥 = 

𝐶 
𝑥 + 𝐶 

𝑥𝑟+1

𝑟+1
+ 𝐶 

 sin 𝑥 + 𝐶 

 − cos 𝑥 + 𝐶

tan 𝑥 + 𝐶   

 sec 𝑥 + 𝐶 

−csc 𝑥 + 𝐶 

𝑒𝑥 + 𝐶 
𝑏𝑥

ln 𝑏
+ 𝐶 

ln 𝑥 + 𝐶  

tan−1 𝑥 + 𝐶 
  
sin−1 𝑥 + 𝐶 

 sec−1 𝑥 + 𝐶 
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Method of u-substitution (Euler) 

❑ Differentiation   inverse Integration

▪ In differentiation : Chain Rule : 
𝑑

𝑑𝑥
𝐹 𝑔 𝑥 = 𝐹′ 𝑔 𝑥 𝑔′(𝑥)

▪ In integration:  ∫ 𝐹′ 𝑔 𝑥 𝑔′ 𝑥 𝑑𝑥 = 𝐹 𝑔 𝑥 + 𝐶 

How to apply 𝒖 −sub

1. Pattern recognition
• The integrand is a product of two functions 
       (composite fun * inner fun derivative)

• 𝑓 = outer function (usually more complex)
• 𝑔 𝑥 = inner function (usually simpler)

2. Substitute the inner function as 𝑢
•  𝑢 = 𝑔(𝑥) then 𝑑𝑢 = 𝑔′ 𝑥 𝑑𝑥  
• Include the constant term

3. Rewrite the integral in 𝑢: ∫ 𝑓 𝑢 𝑑𝑢 
4. Integrate in 𝑢: ∫ 𝑓 𝑢 𝑑𝑢 = 𝐹 𝑢 + 𝐶 

5. Substitute back to 𝑥: ∫ 𝑓 𝑔 𝑥 𝑔′ 𝑥 𝑑𝑥 = 𝐹 𝑔 𝑥 + 𝐶 

∫ 𝑥3 2 + 𝑥4 𝑑𝑥 

𝑓 = 
𝑔 = 

𝑢 = 
𝑑𝑢 = 
𝑥3𝑑𝑥 = 
∫ 𝑓 𝑢 𝑑𝑢 = 

𝐹 𝑢 = 

𝐹 𝑥 = 

2 + 𝑥4

2 + 𝑥4

2 + 𝑥4 
4𝑥3𝑑𝑥 
1/4 𝑑𝑢    

∫ 𝟐 + 𝒙𝟒 𝒙𝟑𝒅𝒙 =
1

4
∫ 𝑢𝑑𝑢 

1

4

2

3
𝑢3/2 + 𝐶  

1

6
2 + 𝑥4

3

2 + 𝐶 



Change of Variables for Definite Integrals

❑ Back substitution (Not recommended)

If ∫𝑎

𝑏
𝑓 𝑔 𝑥 𝑔′ 𝑥 𝑑𝑥 = 𝐹 𝑔 𝑥 + 𝐶 then  

න
𝑎

𝑏

𝑓 𝑔 𝑥 𝑔′ 𝑥 𝑑𝑥 = 𝐹 𝑔 𝑥
𝑎

𝑏
= 𝐹 𝑔 𝑎 − 𝐹 𝑔 𝑏 = 𝐹 𝑢 𝑔 𝑎

𝑔 𝑏
= න

𝑔(𝑎)

𝑔(𝑏)

𝑓 𝑢 𝑑𝑢

❑Complete substitution ∫𝑎

𝑏
𝑓 𝑔 𝑥 𝑔′ 𝑥 𝑑𝑥 = ∫𝑔(𝑎)

𝑔(𝑏)
𝑓(𝑢) 𝑑𝑢

▪ Substitute 𝑢 = 𝑔(𝑥) then 𝑑𝑢 = 𝑔′ 𝑥 𝑑𝑥

▪ Change the limits with respect to 𝒖: ∫𝑎

𝑏
→ ∫𝑔(𝑎)

𝑔(𝑏)
 (𝑔 should be one to one)

▪ Rewrite the integral in 𝑢:∫𝑔(𝑎)

𝑔(𝑏)
𝑓(𝑢) 𝑑𝑢

▪ Integrate in 𝑢:∫𝑔(𝑎)

𝑔(𝑏)
𝑓(𝑢) 𝑑𝑢 = 𝐹 𝑢 𝑔 𝑎

𝑔 𝑏
= 𝐹 𝑔 𝑏 − 𝐹 𝑔 𝑎

Example: Evaluate ∫1

𝑒 ln 𝑥

𝑥
𝑑𝑥 by back substitution.

Find an antiderivative:

Evaluate the integral:

Rewrite :

u-sub

Antiderivative

∫1

𝑒 ln 𝑥

𝑥
𝑑𝑥 = 

∫ ln 𝑥
1

𝑥
𝑑𝑥  

𝑢 = ln 𝑥 ; 𝑑𝑢 =
1

𝑥
𝑑𝑥

 ∫ 𝑢𝑑𝑢 =
1

2
𝑢2 + 𝐶 =

1

2
ln 𝑥 2 + 𝐶 

1

2
ln 𝑥 2

1

𝑒
=

1

2
ln 𝑒 2 −

1

2
ln 1 2 

      =
1

2
1 −

1

2
0 =

1

2
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Examples

Evaluate ∫1

𝑒 ln 𝑥

𝑥
𝑑𝑥 by complete substitution.
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Rewrite :

Id 𝑓(𝑔) and 𝑔′
• 𝑓 𝑔 =  
• 𝑔 = 
• 𝑔′ =

 
u-sub

complete substitution
for the limits

Evaluate the integral:

∫ ln 𝑥
1

𝑥
𝑑𝑥  

ln 𝑥  ⇒ 𝑓 𝑥 = 𝑥 
ln 𝑥 
1/𝑥 

𝑢 = ln 𝑥 ; 𝑑𝑢 =
1

𝑥
𝑑𝑥 

∫𝑥=1

𝑥=𝑒
⇒ ∫𝑢=ln 1

𝑢=ln 𝑒

∫1

𝑒
𝐥𝐧 𝒙

𝟏

𝒙
𝒅𝒙 = ∫ln 1

ln 𝑒
𝒖 𝒅𝒖  

 =
1

2
𝑢2

0

1
 

=
1

2
12 − 02  

=
1

2
   



Area Between Curves 
Review
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between curves 𝒇(𝒙) and 𝒈(𝒙), 𝑓 > 𝑔 
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𝑦 = 𝑓(𝑥)

𝑦 = 𝑔(𝑥)

The integration domain is 𝑥 axis ⇒ 𝑑𝑥 
1. Plot the graphs
2. Draw an infinitesimal strip

3. Find the area of the infinitesimal strip 
• [Function of 𝑥]𝑑𝑥 
• [Large fun – Small fun]𝑑𝑥
• [𝑓(𝑥) − 𝑔(𝑥)]𝑑𝑥

4. Find the upper/lower limits
• Solve the equations if needed
• In this case, [𝑎, 𝑏] is given

5. Integrate the area of infinitesimal strips

• ∫𝑎

𝑏
[𝑓(𝑥) − 𝑔(𝑥)]𝑑𝑥 𝑦 = 𝑓(𝑥)

𝑦 = 𝑔(𝑥)

𝑎                  𝑏

𝑑 

𝑐 

𝑑𝑥

𝑓 𝑥 − 𝑔(𝑥)

The integration domain is 𝑦 axis ⇒ 𝑑𝑦 
2. the area of the infinitesimal strip 

• [Function of 𝑦]𝑑𝑦 
• [Large fun, 𝑔 – Small fun,𝑓]𝑑𝑦
• [𝑔−1(𝑦) − 𝑓−1(𝑦)]𝑑𝑦

• ∫𝑐

𝑑
[𝑔−1(𝑦) − 𝑓−1(𝑦)]𝑑𝑦 

𝑑𝑦
𝑔−1(𝑦) − 𝑓−1(𝑦) 
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When 𝑓 𝑥 ≥ 𝑔(𝑥)

1. Plot the graphs 

2. Draw an infinitesimal strip 

3. Find the area of the infinitesimal strip 

4. Find the upper/lower limits

5. Integrate the area of infinitesimal strips 

How to find the area between curves 𝒇(𝒙) and 𝒈(𝒙)
Area between the curves
 𝑦 =  𝑥2 and 𝑦 =  𝑥 +  6.

𝑥 + 6 − 𝑥2 𝑑𝑥 
(Need limits for x)
𝑥2 = 𝑥 + 6 

𝑥 + 2 𝑥 − 3 = 0 
      ⇒ 𝑥 = −2,3

= ∫−2

3
𝑥 + 6 − 𝑥2 𝑑𝑥 

 =
1

2
𝑥2 − 6𝑥 −

1

3
𝑥3

−2

3
  

 =
1

2
𝑥2

−2
3 − 6 𝑥 −2

3 −
1

3
𝑥3

−2
3

 =
9−4

2
− 6 3 − (−2) −

27−(−8)

3
 

= −
235

6
 

𝑑𝑥

𝑥 + 6 − 𝑥2



How to find the area between curves 𝒇(𝒚) and 𝒈(𝒚)
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When 𝑓 𝑦 ≥ 𝑔(𝑦)

1. Plot the graphs 

2. Draw an infinitesimal strip 

3. Find the area of the infinitesimal strip 

4. Find the upper/lower limits

5. Integrate the area of infinitesimal strips 

Area between
𝑥 =  𝑦2 and 𝑦 =  𝑥 −  2

𝑦 + 2 − 𝑦2 𝑑𝑦 
 (Need limits for 𝑦) 
• 𝑦 + 2 = 𝑦2; 𝑦2 − 𝑦 − 2 = 0

𝑦 + 1 𝑦 − 2 = 0 
      ⇒ 𝑦 = −1,2

 ∫−1

2
𝑦 + 2 − 𝑦2 𝑑𝑦 

 =
1

2
𝑦2 + 2𝑦 −

1

3
𝑦3

−1

2

=
1

2
22 − 1 + 2 2 + 1 −

1

3
23 + 1  

 =
3

2
+ 6 −

9

3
=

3

2
+ 3 =

9

2
   

𝑑𝑦
𝑦 + 2 − 𝑦2



“Net signed area” vs “Total area”

Net signed area of 𝒇(𝒙) over (𝒂, 𝒃)  = ∫𝒂

𝒃
𝒇(𝒙) 𝒅𝒙

• Area taking into account both positive and negative regions 
of 𝑓(𝑥).

• The sign of the area indicates whether the curve lies above 
or below the reference axis. 

• (Area of 𝐴1) − (Area of 𝐴2)

Total area of 𝒇(𝒙) over (𝒂, 𝒃)  = ∫𝒂

𝒃
|𝒇 𝒙 | 𝒅𝒙

• Area without considering whether the curve lies above or 
below the reference axis

Example: 
Find the net area of 𝑦 = 𝑥 − 1 over 0,2

Find the total area of 𝑦 = 𝑥 − 1 over 0,2
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𝑦 = 𝑥 − 1 

𝐴1 

𝐴2 

𝐴1 = −
1

2
 and 𝐴2 =

1

2
 

∫0

2
𝑥 − 1 𝑑𝑥 = 0  

∫0

2
𝑥 − 1 𝑑𝑥 

 = ∫0

1
0 − 𝑥 − 1 𝑑𝑥 + ∫0

1
𝑥 − 1 − 0 𝑑𝑥 

 =
1

2
+

1

2
= 1



Area between curve = Total area

1. Plot the graphs 
2. Separate the domain 
3. Draw an infinitesimal strip
4. Find the area of the 

infinitesimal strip 

  ቊ
𝑓 𝑥 − 𝑔(𝑥 𝑑𝑥 if 𝑓 > 𝑔

𝑔 𝑥 − 𝑓(𝑥 𝑑𝑥 if 𝑔 > 𝑓

5. Find the upper/lower limits for 
each domains

6. Integrate the area of 
infinitesimal strips for each 
domains and add 
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Area between the curves 𝑦 =  sin 𝑥, 𝑦 =  cos 𝑥 
over (0, 𝜋/2).

On 𝐴1, cos 𝑥 − sin 𝑥 𝑑𝑥 > 0 
On 𝐴2, sin 𝑥 − cos 𝑥 𝑑𝑥 > 0

sin 𝑥 = cos 𝑥     ⇒
sin 𝑥

cos 𝑥
= 1 ⇒ tan 𝑥 = 1 

⇒ 𝑥 =
𝜋

4
 

∫0

𝜋

2 sin 𝑥 − cos 𝑥 𝑑𝑥 

 = ∫0

𝜋

4 cos 𝑥 − sin 𝑥 𝑑𝑥 + ∫𝜋

4

𝜋

2 sin 𝑥 − cos 𝑥 𝑑𝑥 

 = sin 𝑥 + cos 𝑥 0
𝜋/4

+ −cos 𝑥 − sin 𝑥 𝜋/4
𝜋/2

 

 = 2 2 − 2

𝑑𝑥

cos 𝑥 − sin 𝑥

𝑑𝑥

sin 𝑥 − cos 𝑥



Net areas of odd/even functions over [−𝒂, 𝒂]
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𝑓(𝑥) is even if 𝑓 −𝑥 = 𝑓(𝑥)
Example
 𝑥𝑒𝑣𝑒𝑛, cos 𝑥 
      𝑓𝑒𝑣𝑒𝑛 ± 𝑔𝑒𝑣𝑒𝑛 
      𝑓𝑒𝑣𝑒𝑛 × 𝑔𝑒𝑣𝑒𝑛 
      𝑓𝑜𝑑𝑑 × 𝑔𝑜𝑑𝑑 
 

∫𝑎

𝑎
𝑒𝑣𝑒𝑣 𝑓𝑢𝑛 𝑑𝑥  

 = 2 ∫0

𝑎
𝑒𝑣𝑒𝑛 𝑓𝑢𝑛 𝑑𝑥

Example: 

∫−1

1
3𝑥2 𝑑𝑥 = 𝑥3

−1
1 = 13 − −1 3 = 2 

2 ∫0

1
3𝑥2 𝑑𝑥 = 2 𝑥3

0
1 = 2 1 − 0 = 2 

𝑓(𝑥) is odd if 𝑓 −𝑥 = −𝑓(𝑥)
Example
 𝑥𝑜𝑑𝑑, sin 𝑥 , tan 𝑥 
       𝑓𝑜𝑑𝑑 ± 𝑔𝑜𝑑𝑑

        𝑓𝑒𝑣𝑒𝑛 × 𝑔𝑜𝑑𝑑 

 ∫𝑎

𝑎
𝑜𝑑𝑑 𝑓𝑢𝑛 𝑑𝑥

   = 0  
 
Example: 

∫−1

1
2𝑥 𝑑𝑥 = 𝑥2

−1
1 = 12 − −1 2 = 0 

 

𝑥2

𝑥4

𝑥

𝑥5𝑥3



Problems
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Problems
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Rewrite :

Id 𝑓 and 𝑔′
• 𝑓 =  
• 𝑔 = 
• 𝑔′ =

 
u-sub

Solve

∫ 2 + 𝑥4 𝒙𝟑𝒅𝒙  

 

𝑔 
2 + 𝑥4 
4𝒙𝟑 

𝑢 = 2 + 𝑥4 
𝑑𝑢 = 4𝒙𝟑𝒅𝒙 

𝒙𝟑𝒅𝒙 =
1

4
𝑑𝑢 

∫ 2 + 𝑥4 𝒙𝟑𝒅𝒙  

= ∫ 𝑢
1

4
𝑑𝑢   

=
1

4
∫ 𝑢

1

2𝑑𝑢 

=
1

4

2

3
𝑢

3

2 + 𝐶 

=
1

6
2 + 𝑥4

3

2 + 𝐶 

Solution 2
Differentiate (a) to (e) 



Problems
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Rewrite :

Id 𝑓 and 𝑔′
• 𝑓 =  
• 𝑔 = 
• 𝑔′ =

 
u-sub

complete substitution
for the limits

Evaluate the integral:

∫0

𝜋
sin 𝜋 − 𝑥2 𝑥𝑑𝑥  

𝑓 = sin 𝑥 
𝑔 = 𝜋 − 𝑥2 
𝑔′ = −2𝑥 

𝑢 = 𝜋 − 𝑥2 
 𝑑𝑢 = −2𝑥𝑑𝑥

        ⇒ 𝑥𝑑𝑥 = −
1

2
𝑑𝑢

∫𝑥=0

𝑥= 𝜋
⇒ ∫𝜋−02

𝜋− 𝜋
2

 

∫𝜋

0
sin 𝑢 −

1

2
𝑑𝑢   

 =
1

2
∫0

𝜋
sin 𝑢 𝑑𝑢 

 =
1

2
− cos 𝑢 0

𝜋

 =
1

2
− cos 𝜋 + cos 0 = 1 

∫𝑎

𝑏
𝑓 𝑥 𝑑𝑥 = − ∫𝑏

𝑎
𝑓 𝑥 𝑑𝑥 



Problems
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Rewrite :

Id 𝑓 and 𝑔′
• 𝑓 =  
• 𝑔 = 
• 𝑔′ =

 
u-sub

complete substitution
for the limits

Evaluate the integral:

∫0

𝜋/4 1

2+tan 𝜃
sec2 𝜃 𝑑𝜃  

𝑓 = 1/𝑔 
𝑔 = 2 + tan 𝜃 
𝑔′ = sec2 𝜃 

𝑢 = 2 + tan 𝜃  
 𝑑𝑢 = sec2 𝜃 𝑑𝜃

∫𝑥=0

𝑥=𝜋/4
⇒ ∫2+tan 0

2+tan 𝜋/4
 

∫2

3 1

𝑢
𝑑𝑢   

 = ln |𝑢| 2
3

 = ln 3 − ln 2

 = ln
3

2



Problems

01 MATH 152 | Week in Review

Rewrite :

Id 𝑓 and 𝑔′
• 𝑓 =  
• 𝑔 = 
• 𝑔′ =

 
u-sub

Evaluate 
the integral:

∫ 𝑥2 𝑥2 + 1 𝑥𝑑𝑥  

𝑓 = 𝑔 𝑔 + 1 

𝑔 = 𝑥2 
𝑔′ = 2𝑥𝑑𝑥 

𝑢 = 𝑥2 + 1  ⇒ 𝑥2 = 𝑢 − 1 
 𝑑𝑢 = 2𝑥𝑑𝑥

 ⇒ 𝑥𝑑𝑥 =
1

2
𝑑𝑢

∫ 𝑥2 𝑥2 + 1 𝑥𝑑𝑥  

 = ∫ 𝑢 − 1 𝑢
1

2
𝑑𝑢

 =
1

2
∫ 𝑢

3

2 − 𝑢
1

2 𝑑𝑢

 =
1

2

2

5
𝑢

5

2 −
2

3
𝑢

3

2 + 𝐶

 =
1

5
𝑥2 + 1

5

2 −
1

3
𝑥2 + 1 + 𝐶



Problems
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Rewrite :

Id 𝑓 and 𝑔′
•  
• 𝑔 = 
• 𝑔′ =

 
u-sub

complete substitution
for the limits

Evaluate the integral:

∫0

4
𝑓 𝑥2 𝑥𝑑𝑥  

𝑔 = 𝑥2 
𝑔′ = 2𝑥 

𝑢 = 𝑥2  
 𝑑𝑢 = 2𝑥𝑑𝑥

 ⇒ 𝑥𝑑𝑥 =
1

2
𝑑𝑢

∫𝑥=0

𝑥=4
⇒ ∫𝑢=02

𝑢=42

 

∫0

16
𝑓(𝑢)

1

2
𝑑𝑢   

 =
1

2
 ∫0

16
𝑓 𝑢 𝑑𝑢

 =
1

2
(8)

 = 4



Problems
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When 𝑓 𝑦 ≥ 𝑔(𝑦)

1. Plot the graphs 

2. Draw an infinitesimal strip 

3. Find the area of the infinitesimal strip 

4. Find the upper/lower limits

5. Integrate the area of infinitesimal strips 

𝑦 = 𝑒𝑥

𝑦 = 𝑒−𝑥

𝑑𝑥

𝑒𝑥 − 𝑒−𝑥

𝐴 |  = 𝑒𝑥 − 𝑒−𝑥 𝑑𝑥 

0 ≤ 𝑥 ≤ 1

∫0

1
𝑒𝑥 − 𝑒−𝑥 𝑑𝑥 

= 𝑒𝑥 + 𝑒−𝑥
0
1 

= 𝑒1 + 𝑒−1 − 1 + 1  

= 𝑒 +
1

𝑒
− 2   
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1. Plot the graphs 

2. Draw an infinitesimal strip 

3. Find the area of the infinitesimal strip

4. Find the upper/lower limits

5. Integrate the area of infinitesimal strips 

𝑑𝑥
𝑥2 − 2𝑥 − 2𝑥

𝐴 |  = 𝑥2 − 4𝑥 𝑑𝑥 

𝑥2 − 2𝑥 = 2𝑥  ⇒  𝑥2 − 4𝑥 = 0 
𝑥 𝑥 − 4 = 0   ⇒ 𝑥 = 0,4
[1,4], [4,6] 

∫4

6
𝑥2 − 4𝑥 𝑑𝑥 

= ∫1

4
4𝑥 − 𝑥2 𝑑𝑥 + ∫4

6
𝑥2 − 4𝑥 𝑑𝑥  

Area between curves
= total area

𝑑𝑥

𝑥2 − 2𝑥 − 2𝑥 

𝑑𝑥

2𝑥 − 𝑥2 − 2𝑥

𝑑𝑥
2𝑥 − 𝑥2 − 2𝑥

𝐴 |  = 4𝑥 − 𝑥2 𝑑𝑥 
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Rewrite :

Id 𝑓 and 𝑔′
• 𝑓 =  
• 𝑔 = 
• 𝑔′ =

 
u-sub

complete substitution
for the limits

Evaluate the integral:
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