TEXAS A&M UNIVERSITY Math 308 — Week-in-Review
;‘IllvI ~Math Learning Center Week 4: 3.2-3 4

3.2: SOLUTIONS OF LINEAR HOMOGENEOUS ODES

Review
¢ Existence and uniqueness: Consider the initial value problem

y' o)y +qt)y =g(t),  ylto) =vo,  ¥'(t) =y

If p,q,and g are continuous on anopen interval I = (a, b) that contains the point ¢y, then
there is exactly one solution to the initial value problem and the solution exists throughout the
entire interval 1.

Principle of superposition: If yy; and y, are solutions to a homogeneous ODE, then

C,j “'517; is elso  a 60/&.‘/:‘74«.

A set of functions is called a fundamental set of solutions if adding them together with constants
forms the general solution.

Zy,)y,_j % a ‘[uuo(&mew{’-»( > C,y,‘('fzjl rs -}—LC

sel ot solutions jcucm( 5ol Wt ion

The Wronskian of y; and y, is defined as

y(t) 9, ¢)

W =
Ly,9.78) )

Interpretation of the Wronskian:

I—P W[y,:yu]l%) :0) 7LL(,.,\ {4‘.7”7,_} i% n_o’(' ps ‘lﬁuuﬂlaheu’hl

€ct ot solutious.

I{ W[ynyl-] (f) #01 ﬂl‘a {7,)71,) 15 4 uu&lumeu{a( 5£1£ o‘F

Sa(«,“t‘ou 5.

e The Wronskian only needs to be checked at a single value of ¢ in the interval where the solution
exists.
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Exercise 1
Is the following initial value problem guaranteed to have a unique solution? If so, on what interval is it

guaranteed to exist?
' —sec(t)y' + (P + 1)y =3t -7,  y(B3)=-3,  y(3)=2
coil¥) =0 whew f-tT r3T
3t-220 » 32z D ¢t 2L
rc
-
WWAWV”% T VP bhas « wnigue
A o, 3 3E ar
7 3 1 /A 5 [_[m (..1- 37r>
olLu O 3 ) ’Z- .
Exercise 2

Is the following initial value problem guaranteed to have a unique solution? If so, on what interval is it

guaranteed to exist?

tf" +sin(t)f +In(t+2)f =8, f(=1) =71, f(-1) = —4.

Ww.{e P 5‘[‘4%‘1-4/( ‘ﬂo«»vw‘- “"l“ ’_‘Lh ZH’P\ -+ [h (.é -('\'2) - —-g— .
¢t + &

—

Lvr bhes  « “h‘ZuL 50[14‘(«‘0"\- On (“‘Z,O>.
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Exercise 3

Doy, (t) = et and y,(t) = =3 form a fundamental set of solutions for the following differential equation?

y" — 3y + 3y = 0.

Fivaf) C[«.ecﬂ it +L“7 avl 2uveun 50/@71"0'4-5-

:ef
J t = éxt— 3ef«3et =0

/
7 + .
7)“33% €>@ e is uot even a 5ol vom .

50) ho, Htey Ave 1402[ A "puhé(dlqeq'ﬁnl §£7L 0# Se

/ q{f&t‘ S.

Exercise 4

Doy (t) = e'and yo(t) = t+1 form a fundamental set of solutions for the following differential equation?

ty" — (t+ 1)y +y =0, t<0.

Chech if H’“j ave 5a/u‘(;mnsf
40 bt -G et gm0
I ) -l ) + (1) = O

CL‘/CC/\ ‘/’L‘,e Wvouskr(u.'-

~1

_7,(—/) Y2 Q) e o _
WLy JC1) = = = #0

el

9, g, ) e |

Yes, ‘H«.e7 -ﬁowp. 4 ‘[Uu[(meu“'vt, ee,'l‘ o# sa/a{-ious. Page 3 of 10
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Exercise 5
Do y1(t) = cos(t) and y(t) = sin(t + m) form a fundamental set of solutions to the following differential

equation?
y//+y:0'

g, = o> (¢) Yo = 5 (+-%)

«j|‘:-$:'-\[{') (11‘:(05({_172)

7 ! - - 5»9'\-[“"71.)

T

y\“= —cou ({)
S o llo) «sld-T) =0

=) - (0} (‘F) 405 (£) :Ol/

—
—

9, () jz (o) cos(0)  sa ("'/1.) / -
_ 9,
-54.00) C,,(‘*‘Z,_) o o

—
—

W[j; )‘11-] (‘7) -

7,\ (0) 7,: (0)

Sﬁnce -H,b (J/vokikrdlw (5 0) ‘/‘Lc}c ave,_l\«’o:ﬁ a

‘Fawfa mzw{-a( f&lé o'l£ 50/«'(‘:0149.
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Exercise 6

Show that y(t) = c1t + ot In(¢) is the general solution to the differential equation,

2y —ty +y =0, t>0.

7:C,'é*'6z'é(“{+) s > [‘é)f(all‘-)j ave

‘/’Lé, ]ene"‘( 40[1:[-:.\»» -ypuujaueu;‘w( 66‘[‘ a'(c fa/a‘é)ou;
Y, L) = ¢ 72[{“)=é (w )

9, ) = | 4, 6= (F) + 7 = ()]

S =0 Y A

1 9,"(H =

Y L) Ll R0 4
%5%{(//,//474-}5’4-%:0\/

7'“) '72.//) | o
Wl 9. 1(1) = /:/l ) / = #0

‘7'\(1) %_\[/)
Thovetore, {4 £(,(8)3 15 a fundameddal set of saldions,

:‘—7 3 = C‘-é 1—(_,_{ (.4 {'(') 15 ‘Hm jg.,leua( Sa/u‘{:‘oh.
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3.3 & 3.4: SECOND ORDER LINEAR ODES

Review
e A second order linear ODE with constant coefficients has the form

ay” + by’ +cy = g(t).

e |t is homogeneous if g(t) = 0.
e Process for solving a second order homogeneous linear ODE:

1. Look for solutions of the form y(t) = e".

2. Find the characteristic equation.

3. Find the roots of the characteristic equation.
4. The general solution is given by

r,t r,t
- Distinct real roots: 7 H4)=C, e ' +tCye ‘

<t
- Complex roots: ] ) = ¢, e 505(&1—) “c, e siu(éé) (r:arié)

- Repeated real roots: y é(') = ¢ eré + C;_'é ert

5. If you have initial conditions, use them to solve for ¢; and ¢,.
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Exercise 7

Find the general solution to the differential equation

y" + 10y" + 25y = 0.

Flag ix ‘e'”tf
r / lOr/ﬁZS/e’t o
PEH0. +25 =0 E—clavaddeistic equetion
(r+5)°=
r=-5
PZ TR A u,pa%el woits < gut ion’

L(H =¢,e €5 clée'“'J

Exercise 8

Find the general solution to the differential equation

Y — 9y +20y = 0.
Clievectevistic g uation
=9 +20 =0
(r-4)(r-5)=0

V‘=L{,5

Plag iubo o distinct vosts equction:

yél’) C, e t—kczei]
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Exercise 9

Solve the initial value problem

fr=2f +8f=0, f(0)=0, f(0)=1.

#@) = ¢, eéwg (J’;‘-é) + o eés:w(ﬁ f)

1[\(0> = ¢, £ o) €c,e’smld) = ¢, = O
‘ﬁ(‘l’) = czefsn. (ﬁé)
ﬁ\l{f\ = C, &{-5:1. {J; 7) +J7 cletcos[ﬁ {')

\
- 4 A e 27\
f/o) = ¢, e 5wo) +J2 Cq & coslo) = ﬁcz = |
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Exercise 10

Find the general solution to the differential equation

49" + g =0.

Cadwa (‘(Cu fﬁ“‘t‘c e{lﬂd‘(‘.‘ola .
4+ 1=0
L™=

1

—

_ =t

res g
r=xt¢

é{ueuw( 60(0»{"/‘”‘-" ‘

JZEEENCORE cos($4)

Exercise 11

Find the general solution to the differential equation

3y — 2y —y=0
Cliavadevistic 6zuw'éim~:
50b7-20 -1 =0
r = 2 £ Ja-qties 2+ [ie

= - =l
2(3) A é - ’:'5"\’

|1

éelﬂe"‘( Sotu+?0u .
7“)"’ c, e’ +c2eé7
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Exercise 12
Solve the initial value problem

froAfaf =0, fO)=2  f(0)=-1

CLJIV‘A[{CVI${-‘\(’ 6{ud/'éd0m :
V‘z—L/r +4 =0
(V—2>L:~0

r=1

6 eveve  solitinn :
L) = ¢ e ccite?

WUse TCs o sohe ftor ¢ aed ¢,
Pl = 2ee® « o™« ge 4ot
£ =ce’~0 ¢, =7

\
'pfa) = Zc,e,o+ Cze,a+0 = Ze, +¢c, = -

=) Z(L)‘\'Cz = —{

c, = -5

/M): 7ot _Gint
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