
MATH251 - Spring 25

Week-In-Review 11

Note: This review is based only on sections 14.7 & 14.8 and 16.7 - 16.9. Students are en-

couraged to review the previous week’s WIR sessions that cover the final exam topics and

all other resources provided by their professor.

Example 1 (14.7). Find the local maximum and minimum values and saddle points of the

function

f(x, y) = x3
+ y3 � 3x2 � 3y2 � 9y + 2.
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Criticalpoints ;

fre = 342- sx = 0 = 3x(x - 2) = 0 = x =0, 2

fy = 3y2- by - 9 =0 => 3(y=3)(y +1) =0 7 y = 3
,

- 1

The critical points are 10
,
3)

,
10

, -1)
,
(2,3)

,
(2

,
-1).

fex = Ex-6
, fyy = 6y-6 , Fay = Fyre = 0

D = fun fyy - (fay)
=

= 36(x -1)(y - 1)

At 10 , 3) ,
DC0 .

So
,
(0

, 3) is a saddle point.

At 10 , -D
,

D > 0
, fun 10, + 1) <0· has maximum at

10 , -1) , which in f (0, -1) = -1 - 3 + 9 = 5
.

At (2 .
3)

,

DT0 and fun (2, 3) To
.

So f has minimum at

10
, -

,

which in f(2,
3) = 0 +2-12 -21 =27 + 2 = - 29

At (2,) ,

DC0 .

So
,
(2, -) is a saddle point.
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Example 2 (14.7). Find three positive numbers whose sum is 50 and the sum of whose

squares is the minimum.
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Let the numbers be n
, y ,

and 2 .
We want to

minimize f(x, %, 2) = 22+42+z

subject to n+ y + z = 50 . - D

x+ y + z = 50 7 2 = 50 - x -y .
So,

f(x, y, 2) = f(x,y) = x 2+ y2 + (50 - x -y)22

2x - 2150 - x = y) = 0 - ③

Exz 2y - 2(50 - x
-y) =0 -

- +

-2y=0Y

n =Y intoo ; en-100 + 4x =0 = x = 5
y = 3%

From 0
,

z = 5·

Verifying that (4, 4, 2) = (55, 5) attaine minimum

fun = 6
,
Fyy = 6

, fug = 2

D = 6 . 6 - 470 and fun >0 at the critical

point (5, 50 5) ·

So, f attaine minimumat o

this critical point.
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Example 3 (14.7). Find the absolute maximum and minimum values of the function

f(x, y) = x+ y � xy

on D, where D is a triangular region with vertices (�3, 0), (3, 0), and (0, 3).
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Critical points : -Y

fa =0 => 1 -y = 0 = y = 1
(0,3)

fy =0 = 1 -x = 0 = x= 1
.

13 y
=

n +3
-

L: s +y =3

or

(1
, 1) is a critical points which

-

y = 3 = 4

lies in D. - I >
2

(3, 0)

f((, 1) = 1

Along 1 : y =0 => f(u
,
0) = U; -31x13

a line

f(-3, 0) = -3
, If (3, 0 = 3

=
g(x)

Along (2 : y = 3 - x = f(x, 3 -x) =x+ 3-y- 3x + 22 ; 02n = 3 .

gl(k) = 0= 2x =3 = 0 = x=3/z

g(32) = f(3 , 3) = "
g(0) = f(0, 3) = 3

Along (g : y = x +3 => f(x, x+3) = g(x) = x+ x+3 - x2 3x
2

= 3 - x -x; -31x10 .

g((x) = 0 = - 1 - 2x = 0 = x=
g(-) = f) -k , 5)= +2 + 1 .5=
f(52) = 1 in the maximum,

f(-3, 0) = - 3 10 the minimum.
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Example 4 (14.8). Use Lagrange multipliers’ method to find the extreme values of the

function

f(x, y) = x2y

subject to the constraint x2
+ y2 = 9.
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gir, y) = x
=
+y2= 9

VF = (0y = <24y
,
x2) = d(2x, 2y)

2ny = 2)x -b = 2x(y
-b) =0= x = 0 or y = d

x2 = edy-2
x2+ yz= q -③

n = 0 into gives y = 13 m) (0, 13)

y = < into 2=
2
= 22. Sub , this into,

2y2+ y2 = 9 = y2= 3 = y = 15

Andx2= 2(3) = x = 15

u) (15, 56).

f(0,
13) = 0

f((53, 56) = 355 -> Max

f( = 53, - 5) = -35 -> Min
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Suppose f is a continuous function defined on a surface S that is given by a vector

valued function

r(u, v) = x(u, v)i+ y(u, v)j+ z(u, v)k

defined over a region D in the uv-plane. Then the surface integral of f over S is

ZZ

S

f(x, y, z) dS =

ZZ

D

f(r(u, v))|ru ⇥ rv| dA

In particular, if the surface S is given by a function z = g(x, y) defined over a region

D in the xy-plane, then
ZZ

S

f(x, y, z) dS =

ZZ

D

f(x, y, g(x, y))|rx ⇥ ry| dA,

where r(x, y) = hx, y, g(x, y)i is a parametric representation of S defined over D.

Example 5 (16.7). Evaluate

ZZ

S

xz dS, where S is the part of the plane x+2y+ z = 6 that

lies in the first octant.
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-+g

Xz

n + 2y + 2 = 67 z =g(x, y) = 6- x -zy;

S : vin
, y) = <n

, y, 6-n -2y) ; over

D = 3(4, 4) : 02x16
, 01 y = 3 -43

7

rexry= I = [1, 2 , 13
X

Y

> (rax ry1 = 5%
La

luzds = ((x(6-x -2y) .

da 3. x + 2y = 6

D

=6
Ps su-nzny dy a -

= So [say-sey-xy23-dx
=..

- - =a
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Example 6 (16.7). Evaluate

ZZ

S

2z2 dS, where S is the part of the surface y = x2
+ z2

between the planes y = 1 and y = 4.
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x2

S : rcn,
2) = (n,2, 2) over

D : 11n2+224 . -
That is

,
the projection of s L

onto n2-plane if the 2

region between the circles+z= land+
z= 4.

so
,
D = 3 (2, 0 : 12 v = 2

,
010125)

x = vego
,

z = using

Naval =atte =
jaertetterStart

Seeds = (jez2. da

-get ecusing+ dudo

=-12).#r2dido
= siguereddoodu

=(
.(d ..
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Surface integral of a vector field on parametric surface: If a surface S is given by the

vector function r(u, v) defined on the parameter domain D, then the surface integral

of a continuous vector field F = P i+Q j+Rk is

ZZ

S

F · dS =

ZZ

S

F · n dS =

ZZ

D

F · (ru ⇥ rv) dA (= Flux)

Here the orientation of S is induced by ru ⇥ rv.

Surface integral of a vector field on a surface that is a graph of a function:. If a surface

S is given by a graph of a function z = g(x, y), then a parametrization of the surface

is r(x, y) = x i+ y j+ g(x, y) then

ZZ

S

F · dS =

ZZ

S

F · n dS =

ZZ

D

F · (rx ⇥ ry) dA (= Flux)

where D is the projection of the surface S onto the xy-plane.
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Example 7 (16.7). Compute

ZZ

S

F · dS, where F(x, y, z) = y i � x j + 2z k and S is the

part of the sphere x2
+ y2 + z2 = 1, z � 0, oriented downward.
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-

a+y2+ 22= 17 z = 1jx2-y 2 z = (1 -x292 =g(x, y)

S : vix
, y) = (4, %, Jy2) over D : =+y = /

upward
exy

=

),
"

=g

·
OSo

, - reXry = - Eye Przys 1)
is oriented downward.

FodS = F · (rexy)da22-s
)F.d =-2)

=-22] /Fr .

Vorde
v = 1-rdu = -2nd

=

=e . 25 , +) Jo do
= es. =
-!

= IO-1] =
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Example 8 (16.7). Compute

ZZ

S

F · dS, where F(x, y, z) = x i + y j + 5k and S is the

boundary of the cylinder x2
+z2 = 1 and planes y = 0 and x+y = 2 with outward orientation.
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↑Z

S : r(
,

2) = <4
,

0
,

24; 72211 .
S

,
: Sin2+22= / x+ y =

2

exte = 1,is=0, ,
y = 0

Sz
->

T= 2- x

o I /
>
y

F. (vx (2) = 0 - y + o = - y =0

(F . ds = 0 ↳

Se : v(
, 2) = (n, 2-u

,
2)

,

D : 42+ 2211 pointed towards-re
> y-axis -

Vaxre =),! = < +, - 1
, 07

- I O

8 I
Fo(uX(e) =(x - y) = x + y = x+ (2-x) = 2 -

1 F .d = f) zdA = zAld) = (i=2
D

: D

5 : vsu
,
o = <Casu,

u
, sinu) ; out, ou2-co

2

- ve-pointed inward.
·<T= Sinc >o

Du =cu
,
o
,

-sin ,a #T1 eIT - SincO ·

i g I 0
F · Eroxa) = (cou, v

,
5) · (100, 0

,
sinu) =

colo + 5 sin

2 I 2-cosu

SFds = C + 5 sino) dod ...

Hence
, SFd = S+e=
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Example 9 (16.8). Use the Stokes’ Theorem to evaluate

ZZ

S

curlF · dS, where

F(x, y, z) =
⌦
z exy, �x2

cos(yz), xz sin2 y
↵

and S is the part of the sphere x2
+ y2 + z2 = 9, y � 0, oriented in the direction of positive

y-axis.
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Intersection of 22+y+ zEg and y = 0 in

x2+22= 9
, y =0.

cir = scat, m = esint,to
dx= -3sintdt

,
dz = 31stdt, dy=0.

zu

Note that if we travel along the curve from the re-axis to the
zaxix

with head pointed in the the y-axis, the surface lies on the right
side. So

/S carEds = 0F .
dr = - OF .dr

C
- C

=- zendo-rcacyz)dy + nesintydz

=_ >sint . -sintdt-o-o

2π

= 92 sirtdt =9)e

= 9 . / . 25 = 9π
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Example 10 (16.8). Use the Stokes’ Theorem to evaluate

I

C

F · dr, where

F(x, y, z) = h2y + ex , xy, 2 + 2zi

and C is the triangle with vertices (1, 0, 0), (0, 1, 0), (0, 0, 2) with positive orientation.
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I N

CarF

= =, , Z

Equation of the plane passing through (1,
0
, 0), 10,

1
,
03

,

10
,

0
.

2is 2u + ey + 2 = 2 m) z =g(x,y) = 2 - 2n-2y

The surface s bounded by C is the part of y

the plane == gan,y) = 2-en-ey.
↳
2x + 2y = 2

A parametrization of s in y-- x

rcr
, y) = <1,y,

2 - ex-ey) over Dionel,
oy1-n . I D

-
the pointedupwei

mx

y = i = < 2,
2
, 17

8 1 - 2

curl F . (raxy) =
0 +0 + y - z = y- 2.

Stokes' Thi

%F .
dr = (curlFod = () curlf . traxty) da

D

-y-2) dydx=
= H-24-1) da= x++

=
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Example 11 (16.8). Use the Stokes’ Theorem to evaluate

I

C

F · dr, where

F(x, y, z) = hxy , x, xzi

and C is the boundary of the paraboloid z = 1 � x2 � y2 in the first octant with positive

orientation from eagle’s view.
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Z

↑2

5 : ven,y) = < h, y, 1-y2) over D.

z = 1 -
x2-y2

where D = < (2
, 9) : 2+ y * 1

,

250,37

= ((r, 0) ; or = 1
,
00 *3

->

printedmyVaxry =

1,i) = en,is

xY
CarF =(i)= 0,z x

+
+32

2y
D

carIF. (ruX(y) = 0 - eyz -1 =
-2y(1-
x-y7 - 1 ->a

&F .dr Stokes 9) curlF . (Vaxry)dA
D

= Fersino(-2- 1Judd

=
- e(sinoda)(). 'r2 ~Par) - (d) (Sorar)
=

= 2 . (1) . [ - % ] - The
=-
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Example 12 (16.9). (Example 8 above) Use the Divergence Theorem to compute

ZZ

S

F· dS,

where F(x, y, z) = x i+y j+5k and S is the boundary of the cylinder x2
+z2 = 1 and planes

y = 0 and x+ y = 2 with outward orientation.
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↑Z

Let E be the solid bounded by the Sin2+22= / x+ y =
2

surface s . Then ->
T= 2- x

E Sz
/

E= 3 (r, y ,
a) : devel, 010ht

,
Ozye2-raro)

>
y

L
n = v c0

x

z = rsino

divF = Put y + Re = 1 + 1 +
0 = 2

Divergence
Thm

/F . dS = SS)divEdu = SSzdv
E

= 2 ChitI ge
o

r dydudo

= 2)]'(er-ro) du do

= es[v]
6

= e-sada
= e to-do

= 4
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Example 13 (16.9). Use the Divergence Theorem to compute

ZZ

S

F · dS, where

F(x, y, z) =
⌦
x2

+ yz, sin x� 2yz, z2 + 3
↵

and S is the boundary of the tetrahedron with vertices (0, 0, 0), (2, 0, 0), (0, 2, 0), (0, 0, 2), with
outward orientation.
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72

An equation of the plane passing through
(2,

0
,
07

, Co, 2
, 0) and 10, 0

, 2) is
x + y + z = 2

x + y + z = 2. T

The tetrahedron (solid bounded by 5) in
S

E = [14, 4, 2) : 0412,
01912-1,

0222-1-y) E
y

XY
divF = 2x - 22 + 22 = 2x

Ec

DivergenceTh divEdV ut
aIF . d =

I
= de dy de

= eg2 , 222-22-my) dydn
= 2)2[axy -x2y = a s
I 1. Eey (4 - 2x - y)]2-d
= (2n(2-a)(2 -x)d

= 10 4x - 4x2+ 23da

= 242-
3+ 4 Good lack !


