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Integration by Partial Fractions

Improper Integrals
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Integration by Partial Fractions



The quotient remainder theorem and general principles of the long division algorithm
𝒙 = 𝒅𝑸 + 𝑹 
• 𝑥:dividend (∈ ℕ)
• 𝑑: divisor
• 𝑄: quotient
• 𝑅: remainder (𝑥 − 𝑄𝑑) 
 The long division algorithm for polynomials
quotient remainder by orders
 𝑥2 = 𝑥 + 1 𝑥 − 1 + 1
Application to improper rational function
𝑥2

𝑥+1
=

𝑥+1 𝑥−1 +1 
𝑥+1

 

 = 𝑥 + 1 +
1

(𝑥+1)

 long division algorithm for polynomials for Tylor expansion
(Repeating long divisions for the quotients) 
𝑥 − 1 = 𝑥 + 1 ⋅ 1 − 2 

𝑥2 = 𝑥 + 1 𝑥 − 1 + 1  

      = 𝑥 + 1 𝑥 + 1 ⋅ 1 − 2 + 1 

      = 𝑥 + 1 2 − 2 𝑥 + 1 + 1

𝑥 − 1
𝑥 + 1 ) 𝑥2 
      𝑥2 + 𝑥
                      −𝑥
                     −𝑥 − 1
                                1

1
𝑥 + 1 ) 𝑥 − 1      

𝑥 + 1
                      −2

𝑄
𝑑 ) 𝑥 
      𝑄𝑑
      𝑥 − 𝑄𝑑 ← 𝑹
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Long division

Proper rational function

 2𝑥 − 1 +
6

2𝑥+1
𝑑𝑥 

=  2𝑥 − 1 𝑑𝑥 + 
6

2𝑥+1
𝑑𝑥 

= 𝑥2 − 𝑥 + 3 ln 2𝑥 + 1 + 𝐶  


0

1 4𝑥2+5

2𝑥+1
𝑑𝑥 = 𝑥2 − 𝑥 + 3 ln 2𝑥 + 1 0

1 = 3 ln 3 

u-sub :𝑢 = 2𝑥 + 1 ; 𝑑𝑥 =
1

2
𝑑𝑢 


6

2𝑥+1
𝑑𝑥 = 3 

1

𝑢
𝑑𝑢 = 3 ln 𝑢 + 𝐶 

= 3 ln |2𝑥 + 1| + 𝐶  
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Integration by Partial Fractions

Linear factor rule : 
𝒑(𝒙)

𝒂𝒙+𝒃 𝒎 =
𝐴1

𝑎𝑥+𝑏
+

𝐴2

𝑎𝑥+𝑏 2 + ⋯ +
𝐴𝑚

𝑎𝑥+𝑏 𝑚 w/ deg 𝑝 𝑥 < 𝑚

𝑥2+4𝑥+1

𝑥+1 3 =
𝐴

𝑥+1
+

𝐵

𝑥+1 2 −
𝐶

𝑥+1 3 

𝑥2+4𝑥+1

𝑥+1 3 =
𝑥+1 2+2 𝑥+1 −1

𝑥+1 3 =
1

𝑥+1
+

2

𝑥+1 2 −
1

𝑥+1 3 

Proper factor rule : Break down to proper rational functions

•
3𝑥

(𝑥2+2) 𝑥−1
=

𝐴𝑥+𝐵

𝑥2+2
+

𝐶

(𝑥−1)
 

•
1

(𝑥+𝑎)(𝑥+𝑏)
=

𝐴

𝑥+𝑎
+

𝐵

𝑥+𝑏

Prerequisite : Factor denominators completely 

•
1

𝑥+1 𝑥2−2𝑥−2 𝑥2−2𝑥+2
=

1

𝑥+1 𝑥−3 𝑥+1 𝑥2−2𝑥+2



Integration by Partial Fractions

Cover-up method

•
1

(𝑥−𝑎)(𝑥−𝑏)
=

1

𝑥−𝑎  (𝑥−𝑏) 𝑥=𝑏
⋅

1

(𝑥−𝑏)
+

1

𝑥−𝑎 𝑥−𝑏 𝑥=𝑎
⋅

1

(𝑥−𝑎)

                              Decompose              "cover-up" method.

                         =
1/(𝑏−𝑎)

𝑥−𝑏
+

1/(𝑎−𝑏)

𝑥−𝑎
 

Find the partial fraction decomposition of

•
1

𝑥−1 𝑥−2
 

•
1

(𝑥−1)(𝑥−2)(𝑥−3)
 

•
1

(𝑥−1)(𝑥−2)(𝑥−3)(𝑥−4)
 

 



Integration by Partial Fractions

Cover-up method w/ non-factorizable denominator factor

3𝑥

(𝑥2+2) 𝑥−1
=

𝐴𝑥+𝐵

𝑥2+2
+

𝐶

(𝑥−1)
 

Step 1:  Multiply (𝒙 − 𝟏) on both sides and let 𝒙 = 𝟏 

•
3

12+2
= 1 = 𝐶

Step 2: Pass (𝒙 − 𝟏) term to the LHS and simplify the LHS

•
3𝑥

(𝑥2+2) 𝑥−1
−

1

(𝑥−1)
=

𝐴𝑥+𝐵

𝑥2+2

•
3𝑥−(𝑥2+2)

(𝑥2+2) 𝑥−1
=

𝐴𝑥+𝐵

𝑥2+2

•
− 𝑥−1 𝑥−2

(𝑥2+2) 𝑥−1
=

𝐴𝑥+𝐵

𝑥2+2

•
− 𝑥−2

(𝑥2+2) 
=

𝐴𝑥+𝐵

𝑥2+2

     𝐴 = −1, 𝐵 = 2

3𝑥

(𝑥2+2) 𝑥−1
=

−𝑥+2

𝑥2+2
+

1

(𝑥−1)
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Integration by Partial Fractions (Exercise)



Improper integrals

Definition: improper integrals

▪ integrals with infinite intervals of integration
▪ integrals with intervals with vertical asymptote (infinite discontinuities)

Examples of improper integrals

▪ Improper integrals with infinite intervals of integration (Type 1):

• 1

∞ 𝑑𝑥

𝑥2, −∞

0
𝑒𝑥𝑑𝑥, −∞

∞ 𝑑𝑥

1+𝑥2

▪ Improper integrals with infinite discontinuities in the interval (Type 2):

• 
−3

3 𝑑𝑥

𝑥2, 
1

2 𝑑𝑥

𝑥−1
 ,

0

𝜋
tan 𝑥 𝑑𝑥

▪ Improper integrals with infinite discontinuities and infinite intervals of integration 
(Type 3):

• 0

∞ 𝑑𝑥

𝑥
∞− ,

∞ 𝑑𝑥

𝑥2−9
1 ,

∞
sec 𝑥 𝑑𝑥

• Limit = tool to handle infinity



Definition: improper integral of 𝒇 over the interval [𝒂, ∞]

න
𝑎

∞

𝑓(𝑥) 𝑑𝑥 = lim
𝑏→∞

න
𝑎

𝑏

𝑓(𝑥) 𝑑𝑥

Definition: improper integral of 𝒇 over the interval [−∞, 𝒃]

න
−∞

𝑏

𝑓(𝑥) 𝑑𝑥 = lim
𝑎→−∞

න
𝑎

𝑏

𝑓(𝑥) 𝑑𝑥

Definition: improper integral of 𝒇 over the interval [−∞, ∞]

න
−∞

∞

𝑓(𝑥) 𝑑𝑥 = න
𝑎

∞

𝑓(𝑥) 𝑑𝑥 + න
−∞

𝑎

𝑓(𝑥) 𝑑𝑥

• In the case where the limit exists, the improper integral is said to converge, and 
the limit is defined to be the value of the integral. 

• In the case where the limit does not exist, the improper integral is said to diverge, 
and it is not assigned a value.

Improper integrals



Theorem:  improper integral of 𝟏/𝒙𝒑over the interval 𝟏, ∞

1

∞ 1

𝑥𝑝 𝑑𝑥 = ቐ

1

𝑝−1
𝑖𝑓 𝑝 > 1

𝑑𝑖𝑣𝑒𝑟𝑔𝑒𝑠 𝑖𝑓 𝑝 ≤ 1

Improper integrals

On 0, ∞
sin 𝑥 + 2 ≤ 3 

𝑥2 + 𝑥 > 𝑥2 ⇒
1

𝑥2+𝑥
<

1

𝑥2 
sin 𝑥+2

𝑥2+𝑥
≤

3

𝑥2  where 
3

𝑥2 𝑑𝑥 ≤ ∞ 



Theorem:  improper integral of 𝟏/𝒙𝒑over the interval (𝟎, 𝟏]

1

∞ 1

𝑥𝑝 𝑑𝑥 = ቐ

1

1−𝑝
𝑖𝑓 𝑝 < 1

𝑑𝑖𝑣𝑒𝑟𝑔𝑒𝑠 𝑖𝑓 𝑝 ≥ 1

Improper integrals
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Improper integrals (Exercise)
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