TEXAS A&M UNIVERSITY Math 308 — Week-in-Review
;‘FW ’ Math Learning Center Week 5:3.7-3.8 6.1-6.2

3.7-3.8 MECHANICAL VIBRATIONS

Review

e Standard equation for a mass and spring system g

mu” + yu' + ku = F(t)

LL("’\ = fpsz‘l’fon p\L wmass ‘A/am ézal/f[wiu,m U
M= mass, 7J= Xéwrij (oc?d/fa‘a.{', k= va;y (ac.’;'(‘lal(, F/f); e>?‘c.,..,(
e Standard equation for electronic circuits P e
C

LQ"+ RQ' + é@ = E(1) E’l"—‘f@}
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L = F'—Jm"‘twe, f: w(«,;g',ﬂ,uce ) (,: C%cc")luu,) E(é) -‘—7”74*69541 Vﬂ[‘l"jﬁ

e Damping
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¢ To find the amplitude of a solution, use the following formula.
Acos(wt) 4+ Bsin(wt) = R cos(wt — 6),
where R = /A2 4+ B% and § = arctan(B/A). The amplitude is R, and the angular frequency is w.
e The period is 27 /(angular frequency).
¢ Natural frequency: The frequency of the system when there is no damping and no external force.

e Resonance occurs when there is no damping and the external force of a system matches the
natural frequency of the system. When this happens, the oscillations grow unboundedly large.

Exercise 1

A mass of 3kg is attached to a spring. When the mass is attached, the spring stretches an additional
50cm. There is no damping. The mass is initially stretched an additional 10 cm and pushed with an
initial downward velocity of 2 m/s. Find the position of the mass over time. Find the frequency, period,
and amplitude. (Use g = 10m/s?)

N VA T AT A
k ) L — < J — = éO /V/m
0.5
Swn t édu, = 0) u(ﬁ) =0.’w\.) LL\/OX = Z w/s

5p*+60 =0

<

=-~20

wlt) = ¢ cos(Fiot) + ¢, 50 (Jiz )
uwt ) = —Bc, S‘?u»(J;f) + J20 ¢, % (B‘é)
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Exercise 2

A spring has a mass attached to it with weight 5N. When the spring is attached, the spring stretches
200 cm. When the mass is moving 2 m/s, there is a damping force of 4 N. We start the spring from the
equilibrium position with an initial upward velocity of 3m/s. Find the location of the mass over time.
(Use g = 10m/s%)

M oY ’Zl_kj
j /Ov«/s»a
/Fovt¢/ 11'N /]/
7" = 2w

Lriv2-e% =0

— < (4 —
r;k‘l «56 TED) o= 5_/4—20

———
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w ) = C, e,—zrcob (-!:) *’-Cle_u.s«\ (t)
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Uu (0) = (¢ = 0
wl= c. 6—-2&9“& /%)
u,\ ({'B = -7 615'2{—5.‘» /f') + ¢, C-Zi-CoS (‘f")
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Exercise 3

A spring has a mass of 1kg attached to it with a spring constant of 4 N/m. There is an external force
sin(2t) pushing on the mass. Suppose the mass starts from equilibrium at rest. Find the location of the

mass over time. What happens as t — oo?
m = / kj
E_ = A{ N/M
7= O

u" 49w =528, «lO)=0, «wlW)=o0.

b(k/-l-) = C, cos (2-(—) + ¢, s (24)

Gucos ! U./,(‘(‘) = /4{5‘“‘/7#) + BL s (Z{’)

4p (0 = o (26) 424 Lcor(20) + s (22) -2 Btsn(2t)

= (4‘239% (2¢) + (24 ¢ +B)eos(2¢)

Uy ()= —1Bsn (2¢) + 204 ~2B8)cos (24) + 2A cos (26) = 2(24¢ +B)3n(2¢)

= (~HAE 4R sn(2) « (44 —YBL) cos (2¢)
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(W"V@)Sn (%) + (4.4 -4B#) cos (26)
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Exercise 4

Consider the equation
3u” + yu' + 10u = 0.

Find the value of v that makes the system critically damped.

IXmi Cv-hlcm,/[] éezure.lr méans rey-u(-tl l»oié&.

3 Tt v o =0

£ TN
t) et e

r- — > be O
2 9 et sty

7 P —(D)BYw) =0

7 =120
?’ = JTZS. </—- Catewt J 20 ’b&(«use
7 o be “"j‘ﬁll‘vf,
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6.1: DEFINITION OF LAPLACE TRANSFORM

Review
e The Laplace transform is defined by £{f} = / e "t f(t)dt.
0

e For many functions, you can just look up the Laplace transform in the table.

f(t) F(s)  defined for
1 % 5> 0
et r— s>a
t"(n=1,2,..) - s> 0
sin(bt) s s>0
cos(bt) P s>0
e (n=1,2,..) W s>a
e sin(bt) (57@42%2 s>a
e cos(bt) eErLET s>a

e The Laplace transform is also linear: L{c1f + cag} = c1 L{f} + c2L{g}.

e To take the inverse Laplace transform, you can also use the table. However, if your function does
not match the things in the table, then you need to first do partial fractions.

e Partial fractions review

- Simple roots

| A B

= 4

G-Dl+)  5-3 s+
- Irreducible quadratics
L _ As«B C
T o= T
(s*+3)(-1) s™t 5 5|

- Repeated roots

(1 - — /45—{8: + C;~(~D . E?+ Fz'-f—_é
(s%3) (s-1) (5%¢3) s*t3 G0 ()T s-
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Exercise 5
Using the definition of the Laplace transform, compute the Laplace transform of 3t.

oo

st
L{3¢3=| -5t 304 w =3¢ do= >t
o Lu=3 U= —;‘C_sf
(” Pl3 -w
- - -9
= -—:'{e_'s / "f?t A4
e o

]
|
U\u 'd
"I -~
01
‘ ]
A
[
~
"
s
~
<
W
o

Exercise 6

3 0<t<5,

Find the Laplace transform of { o
e t > 5.
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Exercise 7

Find the Laplace transform of g(t) = 6t* — 3 cos(2t) + e* sin(t).

Co= LA 3 -3 s3I + Yot 1)}

(
6t 32+ —
S s +4 (o=4) "+

I

Exercise 8

, . 2
Find the inverse transform of F(s) = —.
S

4
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Exercise 9

Find the inverse transform of G(s) = 23 :
s+ 3
3 J3
G(s) = —
Js3 st¢3

?) — "JZT Siw(ﬁi‘)

3

Exercise 10

. . 2
Find the inverse transform of Y'(s) = R
Yoo = - i
(9 = =
ST+ Qee €3 (s+231+3
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Exercise 11 5= S JA-AGXY

] 2

. . S _|_
Find the inverse transform of F'(s) = G553 va,o/cx voo‘l-«;) o '\‘“‘“(«au&_
7uadvatsc
= A < Bs +~C
-2
> S *€25+2

s+l = A(sz-(—‘Zs -93) "'(Bs?C)(s-Z)
= As*+2A4s+3A + Bs *—2Bs + (s ~2C

= (,4+B)$ Z+ (24-28 +C)s +34-2¢

b=-A A-2(-A)+Cc=| 3A-2C=|

g="%  dA+c=l 34-2(1-44) = |
C=[-y4 Na -2 =|
C:I—-i‘_" Az%l

~1

—

l

C. = 3/ 1_ S
(s) ” =) + U 11

$%t25€3
:3(')__|<35+l>
[l 5-2 L\ (s 2e2s=i)+2

_ 3 |\ _ L 3(sc1—1) + |
TN s—2 [

(s¢1)5+0
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Exercise 12
Findtheinversetransformon(s)_(8_1)§(8+2). :(Sf)L +_;DT € siz
S= Als<2)« B(s—Nlee2) « C(s-)*
|= 34 =2 A=/4
-2=9¢c = C =%
O=2A-28+C =% ~28-% 28=4-2-%

:’>3: Z/7
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