
Department of Mathematics | Texas A&M University | Minchul Kang 

Week in Review 
Math 152

Week 13

Test 3 Review II



Common Exam III Prep. Part II  

lim
𝑛→∞

sin
1

𝑛2
1

𝑛2

= lim
𝑥→0

sin 𝑥

𝑥
= 1 where σ𝑛=1

∞ 1

𝑛2 < ∞ (p series) 

Substitute 𝑥 =
1

𝑛2
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𝑆 − 𝑆5 ≤ 𝑎6 =
36

12!
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(d) lim
𝑛→∞

𝑎𝑛+1 

𝑎𝑛
= lim

𝑛→∞

ln(𝑛+1)

ln(𝑛)
= 1



Common Exam III Prep. Part II  

(I) σ
−1 𝑛

𝑛
< ∞ (Alternating Harmonic)

(II) σ −1 𝑛𝑒−2𝑛 < ∞ (𝑒−2𝑛 → 0) 

(III) σ
−1 𝑛𝑛!

2𝑛+1 !
< ∞ (

𝑛!

2𝑛+1 !
→ 0) 

(I) σ
1

𝑛
= ∞ (Harmonic)

(II) σ 𝑒−2𝑛 < ∞ (Geometric) 

(III) σ
𝑛!

2𝑛+1 !
= σ

1

2𝑛+1 2𝑛 ⋯(𝑛+1)
 

   < σ
1

𝑛+1 2 < ∞
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If 𝑝 > 0, lim
𝑛→∞

1

𝑛𝑝 → 0
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𝑥3

4

1

1+
𝑥

4

 

=
𝑥3

4
 σ𝑛=0

∞ −
𝑥

4

𝑛
 

= σ𝑛=0
∞ −1 𝑛 𝑥𝑛+3

4𝑛+1  
𝑥

4
< 1  ⇒ 𝑥 < 4
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lim
𝑛→∞

𝑎𝑛+1

𝑎𝑛
= lim

𝑛→∞

−2 𝑛+1𝑥2

𝑛+2 !
⋅

𝑛+1 !

−2 𝑛𝑥2   

  = lim
𝑛→∞

2

𝑛+2
= 0 for all 𝑥
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σ
𝑓 𝑛 𝑎

𝑛!
𝑥 − 𝑎  𝑛 

𝑛 = 23 
𝑓 23 3

23!
 = −

224

242 

𝑓 23 3 = −
224(23!)

242 
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𝑒−𝑥 = σ𝑛=0
∞ −1 𝑛

𝑛!
𝑥𝑛      

𝑒−𝑥2
= σ𝑛=0

∞ −1 𝑛

𝑛!
𝑥2𝑛 

0

2
𝑒−𝑥2

𝑑𝑥 = σ𝑛=0
∞ 0

2 −1 𝑛

𝑛!
𝑥2𝑛𝑑𝑥 

 = σ𝑛=0
∞ −1 𝑛

𝑛! 2𝑛+1
𝑥2𝑛+1

0

2

 

 = σ𝑛=0
∞ −1 𝑛

𝑛! 2𝑛+1
22𝑛+1
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𝑑

𝑑𝑥
tan−1 𝑥 =

1

1+𝑥2 = σ𝑛=0
∞ −𝑥2 𝑛

= σ𝑛=0
∞ −1 𝑛𝑥2𝑛 

0

𝑥 𝑑

𝑑𝑥
tan−1 𝑥 𝑑𝑥 = 0

𝑥
σ𝑛=0

∞ −1 𝑛𝑥2𝑛 𝑑𝑥 

tan−1 𝑥 = σ𝑛=0
∞ −1 𝑛 𝑥2𝑛+1

2𝑛+1
 

tan−1 1 =  σ𝑛=0
∞ −1 𝑛

2𝑛+1
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𝑓 1 + 𝑓′ 1 𝑥 − 1 +
𝑓″ 1

2
𝑥 − 1 2 +

𝑓‴ 1

6
𝑥 − 1 3 

 = 1 +
1

2
𝑥 − 1 −

1

8
𝑥 − 1 2 +

1

16
𝑥 − 1 3 



(I) lim
𝑛→∞

𝑎𝑛+1

𝑎𝑛
= lim

𝑛→∞

𝑛+1 3

3𝑛+1 ⋅
3𝑛

𝑛3 = lim
𝑛→∞

1

3
⋅

𝑛+1

𝑛

3
=

1

3
< 1  

(II) lim
𝑛→∞

𝑎𝑛+1

𝑎𝑛
= lim

𝑛→∞

𝑛+1 4 −2 𝑛+1

𝑛+1 !
⋅

𝑛!

𝑛4 −2 𝑛 = lim
𝑛→∞

2

𝑛+1

𝑛+1

𝑛

4
= 0 

(III) lim
𝑛→∞

𝑎𝑛+1

𝑎𝑛
= lim

𝑛→∞

−1 𝑛+1(𝑛+1)

𝑛+1 3+4
⋅

𝑛3+4

−1 𝑛𝑛
= 1
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cos 𝑥 = σ𝑛=0
∞ −1 𝑛

2𝑛 !
𝑥2𝑛 

 cos 𝑥 = σ𝑛=0
∞ −1 𝑛

2𝑛 !
𝑥𝑛 

 𝑥 cos 𝑥 = σ𝑛=0
∞ −1 𝑛

2𝑛 !
𝑥𝑛+1
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𝑒𝑥 = σ𝑛=0
∞ 𝑥𝑛

𝑛!
 

𝑒3 = σ𝑛=0
∞ 3𝑛

𝑛!
= 1 + 3 + σ𝑛=2

∞ 3𝑛

𝑛!
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𝑓 𝑥 = 𝑥−2 
𝑓′ 𝑥 = −2𝑥−3 
 𝑓′′ 𝑥 = (−2)(−3)𝑥−4 

⋮ 

𝑓 𝑛 𝑥 = −1 𝑛(𝑛 + 1)! 𝑥− 𝑛+2  

𝑓 𝑥 = σ𝑛=0
∞ 𝑓 𝑛 (𝑎)

𝑛!
𝑥 − 𝑎 𝑛 

 = σ𝑛=0
∞ −1 𝑛(𝑛+1)!3− 𝑛+2

𝑛!
𝑥 − 3 𝑛 

 = σ𝑛=0
∞ −1 𝑛(𝑛 + 1)3− 𝑛+2 𝑥 − 3 𝑛
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σ𝑛≥1
cos(𝑛3)

𝑛3 ≤ σ𝑛≥1
1

𝑛3  converges (𝑝 series) 

By absolute convergence thm, σ𝑛≥1
cos(𝑛3)

𝑛3  converges
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σ𝑛≥1
−1 𝑛𝑛

𝑛2+1
 converges (alternating series)

 σ𝑛≥1
−1 𝑛𝑛

𝑛2+1
 diverges (limit comparison)

σ𝑛≥1
−1 𝑛𝑛

𝑛2+1
 converges conditionally
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lim
𝑛→∞

−1 𝑛+1 2𝑥+1 𝑛+1

𝑛+1⋅5𝑛+1 ⋅
𝑛⋅5𝑛

−1 𝑛 2𝑥+1 𝑛  

 = lim
𝑛→∞

(2𝑥+1)

5
⋅

𝑛

𝑛+1
=

2𝑥+1

5
< 1 

𝑥 +
1

2
<

5

2
← 𝑅𝑜𝐶 

 −
5

2
< 𝑥 +

1

2
<

5

2

 −3 < 𝑥 < 2

@ 𝑥 = −3, σ𝑛=0
∞ −1 𝑛 −5 𝑛

𝑛5𝑛 = , σ𝑛=0
∞ 1

𝑛
 :diverges 

@ 𝑥 = 2, σ𝑛=0
∞ −1 𝑛 5 𝑛

𝑛5𝑛 = , σ𝑛=0
∞ −1 𝑛

𝑛
 : converges

IoC : −3,2
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𝑓′ =
1

3
⋅

1

1+
𝑥4

3

=
1

3
σ𝑛=0

∞ −
𝑥4

3

𝑛

= σ𝑛=0
∞ −1 𝑛 𝑥4𝑛

3𝑛+1   

0

𝑥
𝑓′ 𝑥 𝑑𝑥 = σ𝑛=0

∞ 0

𝑥
−1 𝑛 𝑥4𝑛

3𝑛+1 𝑑𝑥 

𝑓 𝑥 − 5 = σ𝑛=0
∞ −1 𝑛

4𝑛+1

𝑥4𝑛+1

3𝑛+1
0

𝑥

 

 = σ𝑛=0
∞ −1 𝑛

4𝑛+1

𝑥4𝑛+1

3𝑛+1

𝑓 𝑥 = 5 + σ𝑛=0
∞ −1 𝑛

4𝑛+1

𝑥4𝑛+1

3𝑛+1  

lim
𝑛→∞

𝑎𝑛+1

𝑎𝑛
= lim

𝑛→∞

1

4𝑛+5

𝑥4𝑛+5

3𝑛+2

4𝑛+1 3𝑛+1

𝑥4𝑛+1   

  = lim
𝑛→∞

𝑥4

3
=

𝑥4

3
< 1 

𝑥4 < 3  ⇒ 𝑥 <
4

3 
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