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A |[M Integration by Partial Fractions

The quotient remainder theorem and general principles of the long division algorithm

x=dQ+R 0
* x:dividend (€ N) dyx
* d: divisor 0d
* (): quotient x—0d <R
* R:remainder (x — Qd)
The long division algorithm for polynomials x —1 1
quotient remainder by orders x+1)x° x+1)x—1
x2=x+Dx-1D+1 x? 4 x x+1
Application to improper rational function —X —2
x? (x4 (x-1)+1 —x—1
x+1 x+1 X 1

=(x+1)+ D

long division algorithm for polynomials for Tylor expansion
(Repeating long divisions for the quotients)
x-1)=x+1)-1-2
x>=(x+Dkx-1)+1
=(x+D(x+1-1-2)+1
=x+1)2-2(x+1+1



AI‘M Integration by Partial Fractions

1 442 4 1 R
Evaluate / i +_J dz ( Rational
0 20+ 1 \_functions /
(a) 2In3 ‘f___,.--f-"'""'r;mpe-r'""""----...__: N
(b) 3In3 ’ |
(¢) 4In3 ,! Long
(d) 61n3 _,-‘Fﬂctn‘;%% v division
(e) None of these mble;
L Y
Long division Farsal Trig-sub/u —sub
- 2;1:0 —1 P | I N
2z +1 ) 4z +0z +5 '::\ Integration ;I
4?7 2z )
—2r +5
—2r -1
6
. . 1
Proper ratlonal6funct|on u-sub s = 2x + 1 dx = Edu
2x — 1+ ) dx 6 1
f( 2x+1 | dx =3 [=du=3Inlu| +C
_ 6 2x+1 u
= J (2x — Ddx + [ ——dx =3In|2x+ 1| +C

=x?>—x+3In|2x+1|+C

2
fol fz’;:f) dx = [x* —x +31In|2x + 1]]§ = 3In3




A |[M Integration by Partial Fractions

4 +2 ff- Rational -!\'I
Compute / - \_functions /
] 0 I
'l"____,---"""fF;erE-rH"'“'*ni_ N
(a) 3 (In20 — In4) + arctan(2) ~ —
Long

(b) In6 —1In2 .r-""""E;;I_'-;r':'“'“'*-~.. ¥ division

(¢) In20 —In4 |1a|;i|e'-’

1 ! In20 — In < 2 arctan(4 v
“ 5 . ~ i)zt fr:cTiI:L Trig-sub/u —sub
(e) In20 — In4 + 2 arctan(4) { |
',; Integration \:I
f x2+4
. = = ln x“+4)+C
[ (* +4)
2
- [= dx—Zl atan( )]+C
x<+4

4 x+2 1 5 \1*

) dx = [=In(x? + 4) + atan (=

0 x2+4 2 2/1g

=%(1n20 —In4) + atan 2



A |[M Integration by Partial Fractions

3
T+
dr =
/ r—1

VL]

.1,2

=

(a) ?%—74—2. —2In|z —1|+C
O SR

(b) ?—T+21+)ln\r—l\+(-*
23 _1,_2

(c) ?+7+21+3’1n\r—1\+0

(d) T—f—T 20 +2In|z — 1|+ C
3 .2

(e) %—%—0—2. —2Injz—-1|+C

Long division

x34x  x3-xZ+x%—x+2x-2+2

x—1 x—1
x2(x—1D)+x(x—1D+2(x—1)+2

x—1

—x2+x+24+—
x—1

f(x +x+2+—)dx

x3

?+7+2x+21n|x—1|+(]



AI‘M Integration by Partial Fractions

Prerequisite : Factor denominators completely
1 1
(x+1)(x2-2x-2)(x2-2x+2)  (x+1)(x=3)(x+1)(x2—2x+2)

Proper factor rule : Break down to proper rational functions

. 3x __ Ax+B C
(x2+2)(x-1)  x2+2  (x-1)
. 1 A n B
(x+a)(x+b) " x+a  x+b
. _pXx) A Ay Am
Linear factor rule : i) = e T @ T T ey w/ deg(p(x)) <m
x*+4x+1 A B  C
(x+1)3  (x+1)  (x+1)2  (x+1)3
xZ+4x+1  (x+1)%+2(x+1)-1 1 2 1

(x+1)3 (x+1)3 T (x+1) | (412 (x+1)3




A |[M Integration by Partial Fractions

Cover-up method

1 1 1 1 1
(x—a)(x—b) hx—a) ]x:b.(x—b)+-[ (x—be=a.(x—a)
Decompose "cover-up" method.
_1/(b—a) n 1/(a-b)

x—b x—a

Find the partial fraction decomposition of
1

. 1 1
(=1 (x-2) __x—lﬁ_x—z

. 1 1/2 1 1/2
(=1 (x-2)(x=3) x1 x2 | x-3

. 1 1/6  1/2 1/2 . 1/6

(x=1)(x=2)(x=3)(x—4) x-1  x-2 x-3 x—4




A |[M Integration by Partial Fractions

Cover-up method w/ non-factorizable denominator factor

3x __ Ax+B C
(x2+2)(x—-1)  x2+2  (x—1)
Step 1: Multiply (x — 1) on both sidesand let x = 1
S _—1=¢
1242
Step 2: Pass (x — 1) term to the LHS and simplify the LHS
3x 1 Ax+B

(x%2+2)(x—1) B (x—1) x2+2

3x—(x2+2) _ Ax+B
(x242)(x—1)  x2+42
—(x-1)(x—2) _ Ax+B
(x242)(x—1)  x2+2
—(x-2) _ Ax+B
(x2+2)  x2+2
A=-1,B=2

3x —-X+2 1

(x2+2)(x-1)  x2+2  (x—-1)




A |[M Integration by Partial Fractions

Which of the following is the form of the partial-fraction decomposition for the rational funetion?

1
(z+1)(z2 -2 —3)(z2 - 22+ 2)
o) A Br +C Dx+ E
\B) T +1 * 2 —2r — 3 T 12 —2x 42
b A . Br +C . D N Ex+ F
T4l (rxr+1¥ r—-3 2-2r+2
() A B C D
Vv r+1 T (r+ 1)2 +_?'—3+J-3—'21-—?
() A B c Dx + E
\& T +1 * (r+1)2 +_?'—:_1 2 2+ 2
o A B _ ¢
N r+1 22-2r—-3 222242
1

(x+1)(x=3)(x+1)(x2-2x+2)
. 1

(x+1)2(x—3)(x2-2x+2)

A B C Dx+E

_|_

T (x+1)  (x+1)2 ' x-3  x2-2x+2




AI‘M Integration by Partial Fractions

Compute the following integral showing all necessary work clearly,

/ ?—Srll
J iz ™

dx

1
) f2+4dx Zf

e
e tanf = >

e 2sec’0df = dx
_ _f 2 sec? 0
o (tan 6)2+1
_f sec? 9

sec? 9

=59+C

= larctan (f) + C
2 2

f 4x%2-5x+11
(x+1)(x—1)(x2+4)
2In|x + 1| +In|x — 1]

_1 2 1 x
x In(x= +4) + arctan (2) +C

4+5+11 4-5+11

4x2-5x+11 _ (=2)(1+4) , (2)(1+4) , Cx+D
(x+1)(x—1)(x2+4) (x+1) (x—1) x2+4
20 10
10 + Cx+D
T (x+1) (x 1) xX2+4
-2 + 1 Cx+D

T ) | (x=1) | x%+4

4x%—5x+11 1 2

(x+1)(x—1) [(x+1) (x—l)] (x + 4) +lx+D
Let x = 2i

—16—;01+11 —2Ci+ D

—1-2i=2Ci+D
C=-1,D=-1

2 1 X 1
f((x+1)+(x 1)_x2+4_x2+4)dx
. f( 1)d9C—21n|x+1|+C
. f(x 1)dx—ln|x—1|+C
- 2+4dx——ln(x +4)+C

e U=x%4+4>=du=2xdx
x 1,1
) fx2+4dx_5fadu




AI‘M Integration by Partial Fractions

Find /21);2({1
ré(rs+1) X+2
ol fract [aamdr =T +at+an]d

Partial fraction x4 (x +1) x +1

x+2 A B . Cx+D _f[ 2 __*x _ 2]
x2(x2+1) x Txz T2y x2 x12+1 x241
Multiply by x? and let x = 0 = In x| — ; — Eln(xz + 1) —2atanx + C

02 _B =>B=2
(02+1) -

Simplifying s —izg Cx+D

x2(x%2+1) x2 x2+1
x+2-2x%-2 _ A Cx+D R 1-2x _ A Cx+D
x2(x%2+1) x  x2+1 x(x2+1) x = x2+1
Multiply by xand let x = 0
1-2:0 _ Ao A =1
(02+1)
Simplifyin —zx _1_x4D
PUTYINE (2+1) x x2+1
1-2x —x%-1 _ Cx+D N —-2—X _ Cx+D
x(x2+1) x2+1 x2+1 x2+1



A llM Integration by Partial Fractions (Exercise)

Write out the form of the partial fraction decomposition 3—x dr —
of the function r2 +3r—4 B
I 21 01 |
¥ YT S — -7 2 ] .
r+2)2(x2 — 1)(x2 + 5r + 7 (a) —In|z+4[+ -In|z - 1|+ C
o) 9]
A B ( D Er+1 7 9
A T TRl PN R (R e ST Py (b) =In|z+4|+ =In|z -1+ C
= & 2 5
i. \ . /: : ( ! T l) ; I ! T I J_ —l .
r+ 2 r+ 2)2 2 — | 2 L Er 7 (¢) zIn|z —4| - —Infz +1|+C
5 5
\ I ( Dx + I 1 4
r 4+ 9 r—1 z4+1 @ 22345r+7 (d) —Injz—4[+ -Injz+1|+C
) 9]
: r+92)2 @' z3—1 23 +5x+7 () chnjz+4|——-njz -1|+C
5 5




A llM Integration by Partial Fractions (Exercise)

. r+1 ]
Which of the following is a proper Partial Fraction Decomposition for ——— rr — —7
(2 —16)(x — 3)2(x2 + 1)
(a) r4+1 _ Ar+ B n C n D + Er+ F
V(@2 —16)(z—3)2(22+1)  22-16 -3  (x—3)2  a2+1
(b) r+1 A N B N C N D N Exr+ F
R _
(22 —16)(x —3)2(22+1) 2—4 ax+4 ax-3 (z-—3)2 241
() r+1 7A;1’—|—B+C-‘.1?+D+E.1’-+F
¢ (22 —16)(z —3)2(x2+1)  22—16  (x —3)2 211
(d) r+1 A N B N C N D N E
: (22 —16)(z —3)2(22+1) -4 zx+4 -3 (r—3)2 22+1
r+1 A B C D Er+ F
(e) : = + +

(22 —16)(x —3)%(22+1) 2z—4 (z—4)2 =z-3 * (2 —3)2 e +1

Which of the following is a proper Partial Fraction

l)'u-mp--\lll--n for the rational function

e+ |
1 ) - L ! |
| B & D /
. T (@ r+ 1 |
A Bar + ( Dr + I
¥ ! ) 1 . r< |
\ B ( D Er+1
; ) ! ) r+ 1 ! |
| B C D D




A llM Integration by Partial Fractions (Exercise)

22 +5xr—5 . ' 2r+4
Compute = dx Evaluats / . dx
J (@+1)(x+3)° J (2 +1)x =1




A |lM !mproper integrals

Definition: improper integrals

= integrals with infinite intervals of integration
= integrals with intervals with vertical asymptote (infinite discontinuities)

Examples of improper integrals

* |mproper integrals with infinite intervals of integration (Type 1):

codx 0 x o dx
. f1 — J_e7dx, - Tz

* |mproper integrals with infinite discontinuities in the interval (Type 2):
3 dx 2 dx
e A f tan x dx

3 x2’

= |mproper integrals with infinite discontinuities and infinite intervals of integration

(Type 3):
. fOde o dx

0 \/_EI -0 x2_¢’
e Limit = tool to handle infinity

floo secx dx



AllM Improper integrals

Definition: improper integral of f over the interval [a, o]

[“reax=pm [ e ax

Definition: improper integral of f over the interval [—oo, b]

[ reoae= jim [ s ax

Definition: improper integral of f over the interval [—o0, o]

J_O:of(x) dx = Loof(x) dx + j_:f(x) dx

* |In the case where the limit exists, the improper integral is said to converge, and

the limit is defined to be the value of the integral.
* |In the case where the limit does not exist, the improper integral is said to diverge,

and it is not assigned a value.




A |lM !mproper integrals

Theorem: improper integral of 1/xPover the interval [1, )

1 .
flooidx— 1 if p>1

xF diverges if p <1

-

- : . : . . sinr+2 |,

Which of the following statements is true regarding the improper integral FCESY] dzx?
, r(r+1)

I

, Ssinr 4 2 Y ,
(a) The integral converges hecause ﬁ dr < — dx, which converges.
J1 T 41 T

. . sin T + 2 | .
{(b) The integral converges hecause ——dr —5 dx, which converges.
Ji Tlr+1) S T

o , “EinT + 2 =3 _ ,
(e) The integral diverges because ———dr > — dz, which diverges.
J1 Tir+1) i R

) . . *ginr + 2 o] _ . .
{d) The integral diverges because / %ch* = [ — dz, which diverges. AY
Ji Tr+1) Ji T

(e) The integral diverges by oscillation. 2L
On (0, ) )L
(sinx +2) <

1 1 L
x?+x>xt= = !
( ) +x x
sin x+2
SXE < 2 where f dx <

xX2+x X




A |lM !mproper integrals

Theorem: improper integral of 1/xPover the interval (0, 1]

1 .
fooidx= E lfp<1

toap diverges if p =1

\\'llil'll statement is true about

! =

the integral / — dx?
. 2\2
Jo \Ir—d)*

(a) l iverees

(b) Converges to :

(¢) Converges to i

(d) ('nll\'c'l':('s Lo :

(e) (“'ll\'Q'l':l'.\ Lo —;t AV
3L
7L




A |lM !mproper integrals

“Einr+2
— dx?

Which of the following statements is true regarding the improper integral per——
1 Tlr+1)

“sinr+ 2 Y .
——dr < — dx, which converges,
rir+1) Ji T

(a) The integral converges hecause /

) . “sinr+ 2 =1 ,
(b} The integral converges hecause ——  —dr < — dr, which converges.
¥ f= ) J'I:J' + .1| ) J_J C

%

Ji1ozlz+1)

Iz, which diverges.

[%

_ _ “Einx + 2 =3 _ _
(e} The integral diverges because / —ilr — dx, which diverges.
J1 T
- . . *sinr + 2 =1
(d) The integral diverges because —  _dr —d
J1 Tz +1) J1 T

{e) The integral diverges by oscillation.
On (0, x)

(sinx +2) <3
x? 4+ x> x2 =
(sin x+2)

1 1

xX24+x x2

= wheref dx <

xX24+x x2




A |lM !mproper integrals
I . /I. .l.r'a.- =* dx

2e
o]
(d) 3
le] oo
, u = x?2
. —X
Jim ) xe™ dx =du = xdx
. N2 e~ U )
= lim [~ —dx [N o el
N—oo 2 x=0 u=0
e” U N*
= lim |——
N—-oo 2 14
) e~1_g—N?
= lim
N—oo 2
o1




A |lM !mproper integrals

(a) —oo
(h) oo
(e) In2
(d) —1n2
(el 0
. a 2
lim [ ——dx
a—»1-"0 x?%2-1
a 2
= lim |

a—>1—"0 (x+1)(x-1)

al 1 1
= lim | ———]dx
a—1-"0 lx-1 x+1

= lim [In|x — 1] — In|x + 1|]

a-1-

=t 5,

= lim In|%
a—>1—

— :_m
a+1




A llM Improper integrals (Exercise)

oo
C t f ! l
Jompute dx.
I 1+ x2
1

(a)
(b)

A=A Y

one of these.

a
O A |

e

The improper integral /
1

1

dr
rlnz

(a) diverges to —oc.
(b) converges to 1.

(c) diverges to oco.
(d)

converges to —1.

(e) converges to — — 1.
c



A llM Improper integrals (Exercise)

o0
Which of the following statements is true regarding the improper integral / T\/_ dx?
e T

1

(a) The integral converges because

\"\8

o0
d 1 ! d
T and —— dx converges.
€T + \/_ Vi -
1 1
oo fo's]
1 1 )
dx — dx and — dx diverges.
e +\/x e+ et N
1

1
dr > —— dx and f dr diverges.
e f N o

(b) The integral diverges because

(¢) The integral diverges because

”““sx *“"‘ﬁa _

0 oo

oo
) 1
(d) The integral converges hecause — a’r and — dx converges.
er + \/7 et
1 1

(¢) The integral converges to 0.

oC E.Q/'J’J
Evaluate / dzx.
1

2




AI‘M Improper integrals (Exercise)

o
The integral / e dx
0

(a) diverges

(b)

(c) converges to é
(d)

(e)

e

converges to 0

converges to %

converges to 2

Which of the following integrals are improper?

2
o

.1 | . o 1 l
l/ _ _dz / In(z — 1)da III-/ da
JO S l J1 . X ll

a) (III) only

(b) (I) and (III) only
(¢) (I1) and (IIT) only
(d) (I) and (II) only

(e¢) All of them are improper.



A llM Improper integrals (Exercise)

* 3sin’ x
5

Which statement is true about the integral / dx?

1 xr

T
o0 B
(b) The integral diverges by comparison to — dr
1 I
o SR
. ) 3
(¢) The integral converges by comparison to — dx
1 "

>0
(a) The integral converges by comparison to / — dx
L

o
(d) The integral diverges by comparison to f — dxr
1 xr

(e) None of these

2
cos" T+ ,

oo
Which of the following statements is true regarding the improper integral / ——— dz’
1 x

) ® cos2r+5 215 .
(a) It converges since ——— de & S dx, which converges.
1 x 1 T

) ® cos2r+5 22 . .
(b) It converges since ——— dr < S dx, which converges.
1 T 1 €T

) X cos?x + 5 2 6 )
(¢) It converges since —— dE L — dx, which converges.
1 x 1 T

(d) It converges to zero.

(e) It diverges by oscillation.
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