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Example 1 (15.2). Set up double integrals with both orders of integration for

ZZZ

R

f(x, y) dA,

where R is the plane region bounded by y = x2, x = 9 and y = 0.
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Example 2 (15.2). Evaluate the integral

Z 1

0

Z 1

x2

p
y ey

2
dy dx by reversing the order of in-

tegration.
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Example 3 (15.3). (a) Set up (but do NOT evaluate) a double integral using polar coordi-

nates to compute the volume of the solid E that lies below the paraboloid z = 1 + x2
+ y2

and above the region R between the circles x2
+y2 = 1 and x2

+y2 = 4 in the half-space y � 0.

(b) Use polar coordinates to compute the volume of the solid E that lies below the paraboloids

z = 5� x2 � y2 and z = 4x2
+ 4y2.
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R
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2
, 000 DeVolume VCE) = SS (1+y A

= Sig st ryorddo
Easy to compute.

The intersection of 2 = 5-22-y2 and z =42+4y2 is 2
5- x3- y2= 4x2+ 44 7x2+yz= 1

-
5

Projection of E onto my plane in
D : x2+ y21

.

That is
, deciro) :
outoes-

·

3
VIES = J(top-bottom)d ↳

= [S[15
-x= yz) -

(4x2+4y2)dA =$5-5(x
=

+y2)]da

= Se [5-5r2] · rdudo



MATH251 - Spring 25

Week-In-Review 8

Example 4 (15.3). Rewrite (but do NOT evaluate) the integrals using polar coordinates.

(a)

Z 5

�5

Z p
25�x2

0

ex
2+y2 dy dx.

(b)

Z 6

0

Z p
6x�x2

0

(x2
+ y2) dy dx
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Region of integration :

D = 2(x, y) : -514 = 5
,

0 1y = /25-22) Mr
(0π3
So

, I = /T/ 5 v2 rando
Easy to computeon

(x
-32+y29

=I ·o 16
,

01 Y 1J p ↑
y = Ja-a2 = x2+y= 6x y = 0

completing the square,
Y

re=ercoso e v =0
,

v = -caso -

x2 - 6x+ q +y2= 9

(x - 3)2+ y2 = 9
since both 200, y30, 00

5
,
R =( (r, 0) : ofrescoso ,

00 = +3

I = j1
6 COSO

v2 .
ududo

Easy to calculate·
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Example 5 (15.6). Evaluate

ZZZ

E

6x dV, where E lies under the plane x + y � z + 2 = 0

and above the region in the xy-plane bounded by the curves y =
p
x, y = 0 and x = 4.
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SGrdv = 14 gety
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Example 6 (15.6). Set up the triple integral for the volume of the solid E in the order

dz dx dy, where E is the solid bounded by y = x2, z = 0, and y + z = 4.
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,
y +z = 4

xY

y = 4

y = x= x = 1 T
D-

>
x

↳

E = < (4, y, 2) : 01y14, -Jy[Jy
,

02z < 4-y3

UCEs = J/) du
E

E45Mazda dy
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Example 7 (15.6). Set up the triple integral in the order dx dz dy for

ZZZ

E

z dV , where E

is the solid bounded by y2 + z2 = 4, x = 0, y = 2x and z = 0 in the first octant.
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Example 8 (15.7). Set up an integral using cylindrical coordinates to find the volume of the

solid E that lies above the paraboloid z. = x2
+ y2 and below the plane 2x+ z = 5.
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=>-=>···-2 = 4
y2T

22

· 1. :
2 = x7 y2

i
& S

= r2 E
Intersection of z = n+y2 and = 4 is

22+ y2= k i
ySo

,
the projection of E onto sy plane is

L

s

R : x
2

+y = 4 -

That is R = 2 10, 07 : 0 U12,

0102).

And
E = E(r, +

,2) : ore2,
010eet, z =4)

res raddo
(Easy to compute) .
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Example 9 (15.7). Use cylindrical coordinates to set up a triple integral for the volume of

the solid E

(a) that lies between the paraboloids z = 8� x2 � y2 and z = 3x2
+ 3y2.

(b) that lies within both the cylinder x2
+ y2 = 1 and the sphere x2

+ y2 + z2 = 4.

Copyright © 2025 Math Learning Center MATH251 WIR 8: Page 9 of 16

z = 8-r2z = 3rt

Intersection of the paraboloida : 8-r2y2=
3x2+34

=> x2+ y2 = 2

E = 210
,

0
, 2) : olueja

,
0025

,

3228-2).

rdzdrdoVCEs=du=

m z24-v z = I JFrz
ou = 1

,
02012π

I

USES = ISdU=S
udzdrdo
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(c) that lies below the paraboloid z = 24� x2 � y2 and above the cone z = 2

p
x2 + y2.
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2 = 24-r2 z = 22

Intersection of the surfaces :

24 - r2 = er

=> r2 + 2r - 24 = 0

=> (2+ <10 - 4) = 0 = vA- 6 orE

E = E(r
,

0
, 2) : ore1

,
0102

, erze4-v2)
.

VIEs = 1252 deddo
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Example 10 (15.8). Evaluate

ZZZ

E

x

1 + (x2 + y2 + z2)2
dV, where E is the solid between

the spheres x2
+ y2 + z2 = 1 and x2

+ y2 + z2 = 4.
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Is = 2

clearly, o 15 and 0202·

E =215, 0
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, 00 et
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Example 11 (15.8). Use spherical coordinates to set up a triple integral for the volume of

the solid E that lies below the sphere x2
+ y2 + z2 = 5 and above the cone z = 2

p
x2 + y2.
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z = 2 Jay m

- --

2

z =
25

↓

S =55

&scosd = 2v = es sind

=>! = tand = d = +an (l)
-x

The intersection of
2
+y+z= 5 and z = 2 ty in

22+ y 2 + [4(x2+ 32)3 = 5

=> x2+ y2=1

so
, 0 =o 25& <fan(s) 01 9255

S

UCE) = (SSMV = Stan)asind.dedod
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Example 12 (15.8). Convert (but do NOT evaluate) the integral

Z 3

�3

Z p
9�y2

0

Z p
9�x2�y2

�
p

9�x2�y2
y2
p
x2 + y2 + z2 dz dx dy

into an iterated integral with spherical coordinates.
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I=

2 =fa-xyz = n7+y+22 = 9 = 5 = 3
.

&y
Note that x0.

-O
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,
os13
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#

I=sina) .
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Example 13 (15.9). Consider the density function ⇢(x, y, z) =
p
x2 + y2 + z2 on the solid

E : x2
+ y2 + z2  4, z � 0. Find the mass.
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&

E = 2(
,

0
, 9) : 01512,

018125
,
014).

Mass m = /SS <14
, 3

,
2) du

E

= s .
sing do dodd

= (sindd) (Sodo) (5.53ds)
= (1) (2+) · (4)

= 8π
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Example 14 (15.9). Use the transformation u = x�y and v = x+y to evaluate

ZZ

R

x� y

x+ y
dA,

where R is the trapezoidal region with vertices (1, 0), (3, 0), (0, 3), and (0, 1).
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u +u = 2n = x = ((u+ 4) 1
y

0 u = 2y = y = k)0 - 0 : =-
-

x + y =R
·+I 3

Lz xJacobian

: - v= 3

u =r

v=1

= Y

Transformation of1+y= 1- [ (u + +) +1 (0-0) = 17 v= 1

3 "( : n = 0 - ! (u+) = 0 = u = - v

/ " (in+ y = 3 =) ((u + r) +1 (0-r=3 = v = 3

1/ "L : y = 0 = +-) =0 = u = 0

-> dude or didn

IS da=
=dude=

= +S, (0) do = 0.
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Example 15 (15.9). Evaluate the integral

ZZ

R

(x � 2y) e3x�y dA by using an appropriate

change of variables, where R is the region bounded by the lines

x� 2y = 0, x� 2y = 4, 3x� y = 1, and 3x� y = 8.
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u
a m

↳ 24

Consider the change of variables : v = x-2y ,
0 = 3x-y. Then

u -ev = x -xy- o +y = x= (2x -u)

30 - 0 = 3 -6y - 3k+y => y= (v - 3)

Tacobian

:=
E

↳: n - 2y = 0 = u =0
v=8

1

↳ : n - 2y = 4 = u = 4

S
↳
3 : 3xy = 1 =) 0 = /

v= 1
14 ! 32 - y = 8 =v = 5

3
U

u = 4

(Sca-zy) e3n-yda =Sweddude or dude
R

=redudd
= (2- c) . 8 = Be

*
-e)

.


