TEXAS A&M UNIVERSITY
:‘FW Math Learning Center

Math 308 — Week-in-Review
Week 11: 7.7-7.9

7.7 MATRIX EXPONENTIALS

Review

e How to diagonalize a 2 x 2 matrix A

1. Find the eigenvalues \; and ), and eigenvectors £¢1) and ¢@.
2. A= PDP~! where

A0
teten o[y 1]

¢ Matrix exponential

0 et

M =P FM ! ] P

e The matrix exponential is useful for solving the initial value problem

x' = Ax, x(0) = xo.

In particular, the solution is

x(t) = e*'xq.
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;‘FW ~Math Learning Center Week 11: 7.7-7.9

Exercise 1

Solve the initial value problem by using the matrix exponential.
, -1 4 4
X = l 1 _1} X, x(0) = {_2} .

Find ei’ewualue) :

Fe+2r -3=0
(r+3)(r-1)=0
r= -3,1

Ct‘]&quc‘(vw ‘ér =3,

[-2 413.3 5 3-23.=0 2 35,=23,
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TEXAS A&M UNIVERSITY Math 308 — Week-in-Review
:‘FW ~Math Learning Center Week 11: 7.7-7.9

/7.8: REPEATED EIGENVALUES

Review

¢ How to solve a homogeneous linear system with constant coefficients, x' = Ax.

1. Assume your solution has the form x(t) = &e™.
2. Plug this in to get an eigenvalue problem.

3. Solve for the eigenvalues.

4. Based on the eigenvalues:

- Real distinct eigenvalues:
(a) Solve for the eigenvectors ¢ and ¢@.
(b) General solution is cye €W 4 ¢yt

— Complex eigenvalues:
(a) Solve for one eigenvector €.
b) Find the real and imaginary parts of the solution e(¢+®)¢.
c) General solution is ¢;(real part) 4 c;(imaginary part).

(
(
— Repeated eigenvalues:
(a) Solve for the eigenvector(s).
(b) If there are two independent eigenvectors £ and ¢@:
(i) General solution is ¢;e€W + coemte®,
(c) If there is only one independent eigenvector &:
(i) Solve for the generalize eigenvector 7.
(i) General solution is cie™€ + ¢, (te™ & + e"'n).

a
b

¢ The generalize eigenvector » can be found via the equation

(A=rl)n=¢,

where r is the eigenvalue and £ is the eigenvector.
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Exercise 2

Find the general solution and sketch the phase portrait.

, 3 -4
X—1_1X

Etgouvehes
re =% +«| =0
(r-D)" =0
r=|

E‘jcwvcc“ws -pav- =

5 _b, 5o 5,-29.=0 = 5 -2,
[ 3 © -
- 2%, g 2
*Ua ]

Ov\9 one 7‘#0{?&\'“’ e:Jeuueo‘éov) SO we W?,e.L 7[0 ‘(fiwja
‘]L(,i jeuc.«,(i?-clz &17&4 vecloe
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bened st 200, [1] e 2] [2])
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Exercise 3

Find the general solution and sketch the phase portrait.
, 20
X = 0 2 X

E\‘]e,mw(“e":
r t_Y,+4=0

(r—'l)—L:O
k:Z

E*Jc""“ﬁ’”s :

o o[> 2 O=0
= —':>
[O 0]3 1,
2 3% [ ( . 0)
7_[3,_]' 3‘["] §°[']

éémtval 6o(w'{':”‘¢: _Z(‘é') = C 6&[;] TG &Zt[ ?]
Xa /N o

N mOv;OM (% an

uw shible peope- rode.

N
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7.9: NONHOMOGENEOUS LINEAR SYSTEMS

Review
e A nonhomogeneous linear system has the form
x' = P(t)x + g(t).

e There are 4 methods for solving these:

1. Method of undetermined coefficients

- Works if P(t) = A and you can guess the particular solution.
2. Variation of parameters

- Fundamental matrix: (¢) = [ x® |- | x™ ].

= x,(t) = W(t) [ ()g(t) dt
- Always works.

3. Laplace transform

- Works if P(t) = A and you can take the Laplace transform of everything.
4. Diagonalization

- Works if the matrix is diagonalizable.
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Exercise 4
Find the general solution using the method of undetermined coefficients.

et el

rZ -F*Zy\ +/2 O

2t Ja—-1(3) TR i SR S U e
Z

r= — =
7

et‘j%uec‘tﬁ» ‘llav- = —I‘(’L :

[)" (-1 "'5> -5 g,s 8
| 3= T

—

=0 .
| -2-C >

S 3 (2+0)% D] 2
ac[a] ’[ 3. ]' "[ l]
6(’11-[,\ f[ Zlf—’c] _ a.:é 6,:{[21;6]: e't(co:('(:) cism /{_))[Zlﬂ’]

r2<o>(f) +2ism () v icos b) —5inn (-67
L con(8) + s (L)

; F Zios ) —5 [-é) ¢ 2o /%) -+ u&({-)]
- e cos (¢) Tie sin (4)
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\
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- 4 2ws (£) -5 (F) _2 2s5in (&) + cos (F)
‘XL by = C, e cos (L) TC e Sin(t)
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Exercise 5

Consider the system of differential equations
_L[3 2], [-2
XT3l 2| Tt

The general solution to the homogeneous system is

xp(t) = ¢t H + cot? m .

Find a particular solution to the nonhomogeneous system using variation of parameters.

’7 (0 —)—z () _ (A2
éz

£ 2¢°

Fu (217207 -[£ ¥
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1
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Exercise 6

Solve the initial value problem using the Laplace transform. (Stop when you get to X (s).)

X = E :g]x+ {Cojgfﬂ, x(0) = m

5
- R 2 -5 (= S¥+(
sXesy = xl0) =| | _o [Xed> T o
5‘4
o
Z _'S N Sze| 2
- = +
§I [[ -Z] X(s) [6][)]
o4
s-1 5 - s‘ir +7
X(s) =
- S+2 —;‘7 + |
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Exercise 7

Find the general solution using diagonalization.

<=l e[

Cj]fuvd[kel,:
r‘-or —1 =0

ri=|
r=1|

e;]euvec{'w 'por r-:-lf

3 -2 > _ 5% % =0 = 1$7,: 33,
; L3707

S '5' '5) - [
NMEEIE
CUC\WC( o ‘(Com P

- - —3 =0 =% =
[ ]38 » anme 23w
3 -3

> 3, — 51 - % I
5 = jt]—[ﬁz]-— 31[’]

A= PO, wlee P:{; ‘] el D:["o' °]
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