
MATH251 - Spring 25

Week-In-Review 7

Example 1 (15.6). Compute

ZZZ

E

x2
(y + z) dV , where E = [0, 2]⇥ [0, 3]⇥ [�1, 1].

Example 2 (15.6). Compute

Z 2

1

Z 3z

0

Z lnx

0

xe�y dy dx dz.
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Definition (Type 1 Solid) A solid region E is of type
1 if it is of the form

E = {(x, y, z) | (x, y) 2 D, u1(x, y)  z  u2(x, y)}

where D is the projection of E onto the xy-plane.

In this case,

ZZZ

E

f(x, y, z) dV =

ZZ

D

"Z u2(x,y)

u1(x,y)

f(x, y, z) dz

#
dA

Definition (Type 2 Solid) A solid region E is of type
2 if it is of the form

E = {(x, y, z) | (y, z) 2 D, u1(y, z)  x  u2(y, z)}

where D is the projection of E onto the yz-plane.

In this case,

ZZZ

E

f(x, y, z) dV =

ZZ

D

"Z u2(y,z)

u1(y,z)

f(x, y, z) dx

#
dA

Definition (Type 3 Solid) A solid region E is of type
3 if it is of the form

E = {(x, y, z) | (x, z) 2 D, u1(x, z)  y  u2(x, z)}

where D is the projection of E onto the xz-plane.

In this case,

ZZZ

E

f(x, y, z) dV =

ZZ

D

"Z u2(x,z)

u1(x,z)

f(x, y, z) dy

#
dA
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Example 3 (15.6). Consider the triple integral

ZZZ

T

6y2 dV, where T is the tetrahedron with

vertices at (0, 0, 0), (1, 0, 0), (0, 1, 0) and (0, 0, 2).

(a) Write the iterated integral with all six possible orders.
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·

Z
-
10,
0
,2)

The plane passing through (1, 0, 0) , 10, 1, 0) and 10,
0
, 2) "

-Lis 2n + 2y + z = 2. : T

Projection of T ontomy-plane: -10
, 1,0

The intersection of 2n + 2y +z = 2 and zey-plane is
Y

R

ex + ey = z -
x + y = 1

TypeF x + y =
D = <(x,y) : 02n11 Oxy <1-1)
D = 2(x,y) : 02y[1 , 02a = 1-y).

> x

Type#

And 2n + 2y+ 2
= 2 = 2= 2- 2x- 2y .

So, o =
2 = 2- 2x

-2y.
11-4 2 - 2x -2y

1)( by dV = Clo I
.

by de dyde

T

(S)bydV = %1
"f g2-2x-2y dedudy

*
2y +

2 = 2.

sy
g

T

Projection of T onto y2 plane (n = 0) :
cy+ 1 = 2

-

D

2x + 2y + 2 = 2=
x = 1 - y -2m) on

=1-y -4 ↑ > y

(S) by dr = %12-eyj-y by dadedyT o
2

X

116y dv = 12-y by di dydz -

2n +z
= 2

g

Projection of T onto 22 plane (y = 0) : 2n +z = 2
-

D

I > a2x + 2y + 2 = 2= y = 1 - x -4 - 02y = 1- x --

111 by dr = So So2-2xyl-u
=

4/26y dydzd
T G

SS6ydv
= 2 - by dydrdz
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(b) Evaluate the integral using one of the six orders.
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Jay d
= slie-eay dedyde

= s%+y [e -2n - 2y]dydn

= %lo 12-22))
- eyedy da

=% [1 -2)y- zy y da

= 6)
.

(1 - x33 . da

u = 1 -x = du = - dx

= 2)( - x)3dx
= - 2)vdu = - 2. =- -

x4 !
= Ye
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Example 4 (15.6). Evaluate

ZZZ

E

x2 dV, where E is the solid bounded by y = x2, z =

0, y + z = 6 and y = 1.
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y +
z = 6 = z = 6-y .

So
,
02226-y. ·The projection of E onto my plane
is the region

bounded by y = x
= and y = 1 Xy

·
i

- I

%
E = 214, 4, 2):er El

,
Meye, 0 = 26-y)

.

1))adv = %992 dzdyd
E

= Is S 1-y) dyd a

= I'x [6y-8]d
= In -bu+ d

= C, -x4+ d
=[3

= ( +
-5 +4) - (- +5 -4)

= -(t - 5 +) .



MATH251 - Spring 25

Week-In-Review 7

Example 5 (15.6). Find the volume of the solid bounded by the parabolic cylinder y = x2

and the planes z = 0 and y + z = 4.
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=> 2 = 4-ye 022 4 -y -

-2
The intersection of the plane y + z = 4 and cy-plane

y
+
1
=
4

is the line y = 4. So&
The projection of the solid E onto cy-plane is
the region bounded by y:r2 and y = 4. F

=>

Y
y = 4 -

3 y

*

y= x2 ↓
↳

-2 > x
Y=x2

E = 4(n, %, 2) : - zen = 2
, x 2 y14, 0124 - y3

.

UsEs = JSSdU = 14 redyd

-E Goa

= &-gene
= 8-1442-
- on -23+T
= 2(1s - 32 +=
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Example 6 (15.6). Find the volume of the solid bounded by the paraboloids z = x2
+ y2 and

z = 8� x2 � y2

(a) using a double integral.

(b) using a triple integral.
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&
0 z = 0-

x2-g2
-

The intersection of

zepandzougais 22+ yz = 8- x=-y

=> x2+ yz = 4 .

So
,
the projection of the solid E onto my-plane

is the circular disk D : x2+ y
-
4. -y

xY

Thatis, D = < (v, 0 : ove2, 00 eT] 22+ y24

Volume UCE) = f) (top-bottom) dA
bu -27x

D

= (/[8-24y2)
-(x2+ y4) ]dA

=g2Tg8-er) .
nardo
[

D

= (((or-er>ar) = e[42bit

VCEs = (SSdv = JS((
8-x7y2)dA, where i is the

E D x=y2

projection of E onto my-plane.

Observe that D = 2 (r,
0) : oU12, 01023.

So,

UCES = SS[8-12y) - (2+y2)JdA

= torvy .
vard ,n

!

= is
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Example 7 (15.6). Evaluate

ZZZ

E

2y dV, where E is the solid bounded by the paraboloid

y = 2x2
+ 2y2 and the plane y = 2.
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· xZ
- -

The intersection of y = cu+ 222 andy = 2 is

n2 + 2= / y
=

So
,
the projection of E onto uz-plane is D :**11 .

&= using D L

·That is
, D = & (V, 0) : 00E1, 010[et)

N2

n= reso =1)

! N

So
,
E = 2(n, y, 2) : 2n

+
+ 222 = y = 2, (n,2) ED3

11/2ydv = ()(cydy) da = ) Eye is
E D

y = 2x7222

= () [4 - (2n
z

+ 222)2]dA

P

=) [4-4r4y - rardo

= (
*

do) (C! ar - er5er)
= 2 [er2 - Arby
= 2r [2 -

%]

=
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Example 8 (15.7). Evaluate

ZZZ

E

2xz dV, where E is the solid in the first octant within the

cylinder x2
+ y2 = 1, below the plane z = 6 and above the paraboloid z = 1� x2 � y2.
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-

Observe that1-n2-y2=16 . in x = S
=>1-r21216

Since the solid E lies within the cylinder E
x2+y = 1

,
the projection of E onto my-plane 1-22g2

2 =

is D : nz+ y 211, 430, %20.
-

that is, or 11
,
00 Th N ·

7
y

n7y2= 1

Eu
D

3
s

So
, E = [10, 0, 2) : ore, 010 , 1-r216) .

()) enzdu = MySerco2 · rdeda

E

= roo . 2d

a (1 + r4-22
36 -

-
35 -
r

T

=
'

v20 [35-11-122 ando

=( codo) (6' 35 ro + zr4dr)

= (1) . (35+
= 35- +
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Example 9 (15.7). Evaluate the integral by changing into cylindrical coordinates.

Z 2

�2

Z p
4�y2

0

Z 4�x2�y2

0

p
x2 + y2 dz dx dy
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I

E = E(x,y, 2) : -22812, 01215y2
,
012 14-

x2- y 2)
.

As z = 4 - xt- yz = 4- r2
,
024-V2

x =j- yz = x2+ y2 = 4
=> r

=

= 4

=> r = 2 =o VE2
.

And an 230 , - =01

So
,
E = 3 1r

,
0
, 2) : 01U12, 01Ty ,

ocze4-r2)
.

=- Tz
.

rdedrdo

= -v4 did

=g(
= T .[-]=
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Example 10 (15.7). (Example 9 from WIR-6) Use cylindrical coordinates to find the volume

of the solid between the cone z =

p
x2 + y2 and the ellipsoid 2x2

+ 2y2 + z2 = 12.
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2n2+ 2y2+ 2 2= 12722= 12 - 2x2-2y2

=> z =jn2y2) =Jeerz
#

And z = Jen+y = z = r.
-

So
, v = zejTzerz -

3

Y

x

The intersection of z =styl and 2x2+2y+ z2= 12 in
exz + 2y2+ (x2+y) = 12 = x2+y2 = 4

So the projection of the solid E onto zy-plane in D : n2+y2K.S

That is
,
ore2

,
0012.

Hence
, E =E(r, 0, 2) : dre2, 001C +12

= Szerz].
S

Volume UCE) = /SdU=yesudz dr do
=ed
=userddd

:

= [8-11232] -I


