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Example 1 (16.1). Identify the vector field of the vector function F.
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a) Flz,y) =zi—vy] b) Flz,y) = i j
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Example 2 (16.1). Sketch the gradient vector field of f.

(a) f(z,y) =2z + 3y

vV = & fx, fy> <2,3>, a constent veclsr field .
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(b) flay) =S+ % B

2 y-3z=0 = Y=32 4
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Example 3 (16.2). Evaluate the line integral

/:cha:—i—yzdy, = CIUCZ

c

Ay
2

where C is the closed curve oriented counterclockwise in the upper half-plane formed by the
cz.' az—l'_y :q

circle 22 +y* = 9 and line y = 0.
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over ¢, Yy=0, =2 -3 <£a £ 3
o/y =0 dx:dw R N
3 ‘:'_;'_ e < 2 ¥
fc;’xdz,tyza/y = f X dx + 0
_ 2 s
- _3_/ = |7
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Over G, ! A paremetrizaron of & L4 =209t Y=38nt, 02t LT
T d“:”.?fl‘ﬂf’df/ dy:?aﬂéd/t
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‘/; x4y ’/] :f Vfﬂzf (-30t)dt + 7.:/'172z. geort AF
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-.27[ coﬁt)/” ¥ Ve oort = du= ~$int At
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= -]®
(, %%z eytdy = [Ladvryily #f Zdatg¥y = 134 08) =0,
2
Method 2 Green't Therrem
fc&f"/”f«/y = [ Gx-Pdn = [fodA = 0.
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Example 4 (16.2). Let C be the curve r(t) = <
2
ritey =< 2,26, t°> .

(a) Evaluate the line integral / (zy + 3z) ds.

C
J a4 aets 2 de = Jr2+e9%de = (2+¢D db

ds = |rites) dt =
2-
[(ry+320ds = [ or.ttpz-42). (2+eD)db

fz(zf3+£3) (2+t2dt :f&{(tsf 3¢7)db
(4
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/ — 24 + 32 = 56
4

o

(b) Evaluate the line integral / w2 de +ydy + 12z dz.
c

x= 2t = dx= 2d¥¢
Y= tZ = dy = g4 dr
z = ,%—3 > dz = tdF

2

fa?'dx +/a/_y+/_eza/z = / 222 0de + % 2tdt + 44341
o 0

= [ (5™ + c£%)dt
(o]

3 42
t+_§t/
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Example 5 (16.2). Fuvaluate the line integral

/(a:+y)da:+y2dy+zdz
C

where C consists of the line segments from (0,0,0) to (1,1,0) and from (1,1,0) to (1, 0,2).

Over ¢, . X% =1(000), 7% = (L1,00. (,1,0)
Thevector form of fhe line cegment if c, ;
Ve =y +tin-vn |, 0<s¢2) >
= <Ko0,0p+ 1,0, 0> (6,0
- <t 4, 0> 1,02
X= _ Yy=t, == 0 , 0=t 2]

/ 34/
Cxty)d 2y - 2 -t 4
fé, Px +y%dypzdz j“,?éa’ff—to/t-/'a ?}o %

ver ¢,
Over &0 o= tuL0, E=t1,0,8)
yee) = (1L o>+ eI, 0-1, 2-0> = (), )-t, £ >  o<ct<).

=, Y= I-¢, zZ= 2
dx=0 dy =-dt =z = 2dr

2 /
,/(’Z(ar+y)a’ﬂ/—y /i-/-zc/z = /[’f)-o -/-/‘/—-é)?_.{fa't') > 2t .2dF
°

0 £L <y
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Example 6 (16.2/16.3). Evaluate the line integral

/F-dr,

c

where F(z,y) = i+ and C is the part of the parabola y = z* + 1 from
(2.9) = ——== i g f Y f
™ A
(=1,2) to (2,5). 2 \/z‘- |
\

2
c ! (y:x-f/) x=x -] £ £ 2 | \

O/y c2xdx d= '-—t{z

Fodr = [ pdx+ ady = [ Z_dx+ ¥ _dy
‘/C ‘{; cf“’z’*yz Xzf—yz

dx + (%) - 2xdx

2
:'f _____9_(_._._.—--—-'
) FAr (a>? J 7% cxa®

2 < 2.
o= (4x%y 62) da = 2 e #3002

RN T A

= \/—(—/—/ - \/::44—?224-_/_/&—'— V29 —J 5

= L[ _du
AN =/
Method 2 Note that )f f(q/y): 722_'_]2 | hen 77! = F

o FTLL
Y[ Fdr = [vfdr = e 50 - fo1 2)
c C

c Jtr95 —J/+4
=29 _J% @
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Example 7 (16.2). Find the work done by the force field F(z,y,2) =zi—yj+ (z+2)k
acting along the circular heliz v(t) = costi+sintj+ 2tk from (0,1, m) to (—1,0,27).
I e s

p=x , @a=-4,  R=-=xtz t=IDrp = (0,1.1)
2
X = — = -
ottt > dx = sintdt ETS = ren)= (‘-[} ());7;)

J = S0t = o/y = coxtdt
z = &t @ dz 2 dt

C

c

& f*a'x 4 dy Flarz)dz
c.

-
= / caré'[-rl'o{—dlj—xfnt (mfﬂ')ffrﬂffffji#
Z
2
,7 )
= /(—r/n-?t ~ 2coTt F 46—) dt
/s
. 217
= Corlt 4 25/nt + 14’/
2
Z
= (}-}'0 o7 &
z ) - (»47# 2 +_7_7_)
2 =
- 9/72'_./
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 Fundamentadd Berem of Line Totegral (FTLT)
Theorem 2: Let C be a (piecewise) smooth curve given by the vector function r(t),

0 <t<b Letf bea differentiable function of two or three variables whose gradient
vector V f is continuous on C. Then

/C Vf-dr = () - f(r(a))

If C is a smooth curve in R? with initial point A(zo, Yo) and terminal point B(z1,y1),
then

[ Vs -de = f@rm) = fGaowo

c

If C is a smooth curve in R® with indtial point A(zo, Yo, 20) and terminal point
B(xlaylazl)) then

tLVfwh=f@waﬂ—f®m%Jd

7f F = P+ a] and Vf = F  for a soalar #unction f,

then FTLT
p f £ dr = / VY dr = dé (Ferminal fd/'nQ - f[ i trad ,oaz‘nﬁ
C c

- £(B -FAD

Theorem 6: Let F = Pi+ Qj be a vector field on an open simply-connected region
D. Suppose that P and Q have continuous first-order partial derivatives and

oP  0Q
oy Ox

throughout D.

Then F is conservative.
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Example 8 (16.3). Determine whether or not F(z,y) = (Vy+2zy°—3) i—+—<

is conservative. If it is, find a potential function f.

- / + 4X¢Q

C p——

_ e
P =Vg+exy™-3 = F PV

@ = _X_ F2xY+/ > g - razy
2y

a

<
~<

Nete Hhat F r¢ defoned on the uppers Aa//—}b/awe gy >0, whied 14

f/'ln/// connected .
Ac F = 4y, I~ 1s conceryetive
INan £ /('a;y) ruch ot Vje = F . 7[“"”},

L = {jv"ﬁwyz—z — (D

’
jey = - *222]7"/( _..(2)

—247

7’)/’{/)?7‘7‘4(/ @ Wt z,
_/ii(’w)a/x = /(Jy' # zwy’-- 3) dx

fixy) = vy + 2’y sx + —>3

;7\,(},4 7"27?{/'/: é - _’%z—/- 2;7/7'—0 +‘7/z}y

/{ _
Jty = > J{y): ;/-c. 7;7/94/‘/7'[&1/1'/‘/ j/}.) =Y.

Lo Lrom @,
Lenmygr= /g +x‘:‘72_ 334y 4 a petentrdf fuockin of F.
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Example 9 (16.3). Find a potential function of the vector field F(z,y,2) = (e¥?, zze¥?, xye¥?),
and use it to find the line integral

/F-dr, where C: x =26+ 1, y =t 2=+t 0<t<A4.
C

We want fo f/'no/ a function ,eza;y/z) oych Hhat v+ = F.
dn = 75 —O
fy = yzeyz _,@
z
:/z - Ol(ye(y /_)3
z JS=
j—nfejmﬁtyo drt.x, ff%j,z) — /ey p/x = € -/-jf{}',z)

/9 Q{y S 99/#-/—/),/5‘,2) _;;jy(y/z)zg
9/@£%¢)ﬂ’j=

> 492 = b2
So 09" (@ 4ecomes /
Lexy 2) = 2/ %s bz L &

/ Fz = lﬁﬁ/— Ylez) = Alrw =0 = bezd =<

Z .
/ (:ry Z)...?(é‘y_/_( L8 4/&7‘?0/74/74//)0/7‘01) off.'

t =0 = (%,9.2)= (], 0
€ ©4 =2 (YD = (9 16 2)

FriLT
ch-d" = ] vE-dr = £C9162) - £CL0,0)
< 22
= 7€ -/
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Example 10 (16.3). Find the work done by the force field F(z,y) = (2z +y,z + 1) acting
along the circle z2 + 3> =9 from (0,3) to (=3,0). q
A
F= 29(7"] % Py =1 C.,,"'Hz; 'Co/g)
& = %x+) = Qx = '
Py = @y - S0, F 12 oncervtive. 1 > o
(-3.0)

Wanr 74(2,(/) rt. VE = That- 15,
fx = 2z+y — Q@
Jey = a+/ ——@
thmﬁ,,j@ w-rt.o ¥, Feny) "/(27(1‘- dx = 2=
g ,y) = )dx = 2 ¢ + P
Ly _@)ﬁ @ 0o + 27 g/ ! / 7 ’ -
y = 7S 2 pleyo= = J D =f *c.

o — 2
’ /f("Y/Y) = % +37 f‘i} 14 ¢ /Oo/'eﬂ/?‘a/ functon o F,

FTLI
wark = [ Fdr = for-dr I 405
c
- 9-3
= £

Example 11 (16.3). Find / F - dr, where F is a conservative vector field on R? and C is
¢ (1, %) (22

a rectangle with vertices (1,0), (3,0), (3,2), and (1,2).

e} £ be suchthat VE = F.

FTL I \ et
/ F.dr = /Vf dr "= f (terminal pent) - flimpalpoirt)
¢ (L) __7.6 (30

C
= O

&)

Ae C ‘a4 e/d:rpa’/ f?rm;'md:/‘nﬁ'a/‘
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