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Week 10
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Divergence test
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. No - . . .
‘Jl_\l‘!rlﬂan:ﬂ? | |D|vergent ‘ EXplaIn Why fO“OWlng series do
|Yes
; : Convergent Condition NOT conve rge

Any special type series ? C <1 n
* Geometric series Yes . r 1 1 Zoo
» P-series pb> n=1 n+1

. . * Converges
» Telescoping series I D — 0
 Alternating series nl_l;lgo(_ g =

iNo
Integral test Convergent Condition
Known antiderivative ? floof(x)dx <

0o n
Long term behavior ‘—I
4

Comparison test Limit Comparison test Ratio/root test
Ta, <Zh, <L lim &= [ lim “2% = p < 1
(convergent) nocobn nl. ( " W= p<1 1
w = b, < Ta, Lhy < co: c?nvergent Zay Am (dy =p 3 Zoo
(divergent) Ebk = C0: leergent Zak Convergent n= 1 e 1/n

+/- terms but Not alternating
= Absolute convergence

By divergence test
n

e Jim—=1
n—ooo n+1
« lim(-1)" = DNE
n—oo
. 1
’ %l—fga el/n =1



Geometric series
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: No : 1
‘ lima, =07 | | Divergent ‘ Evaluate 200_1 _

|Yes — n=1,n

Any special type series ? Eior;vlerie;t Condition

+ Geometric series Yes r

P_seri - p>1

* P-series
. . * Converges

» Telescoping series ’ "a. = 0

* Alternating series nl_l;lgo(_ ay =
iNo

Integral test Convergent Condition

Known antiderivative ? floof(x)dx <

\LNO
Long term behavior ‘—I

p
Comparison test Limit Comparison test Ratio/root test
Tay <Eby <L lim 22 = L A%%=p<1
n—oo n n
(;c:ri/ezrieni)za Ih; < oo : convergent Xy r%im (@) =p<1
= k k _ . —00
(divergent) Lby, = co: divergent Xay convergent
+/- terms but Not alternating Geometric series with
1 1
= Absolute convergence a=-andr = -
e e
Therefore,
1
yo L e - 1
n=len = 4 17 ¢q
e



m Week 10

Geometric series

No
‘ lima, =07 |
|Yes
Any special type series ?
Yes

* Geometric series

| Divergent

Convergent Condition
e Irl<1

* P-series
» Telescoping series
* Alternating series

iNo

Integral test

s p>1

* Converges

* lim(—1D"a,=0
n—-oo

Convergent Condition

Known antiderivative ?

\LNO
Long term behavior ‘—I

[7F()dx < o0

p

Comparison test Limit Comparison test Ratio/root test

Za, <Zb, <L lim 22 = [, lim & = p < 1

(convergent) n—co by n—oo dnp

w0 =%h, < Xa Ihy, < oo convergent £ay lim (a, YWn=p<1
= LD k o

(divergent) Xbh;, = oo : divergent Xay convergent

+/- terms but Not alternating
= Absolute convergence

Evaluate
1
1. Z%O=1 e_n

5
2. 3%

1. Geometric series with
1 1
a=-andr =-
e e
Therefore,

1
an =

1_— e—1

mlb-\

2. Geometric series with
1
a=5andr = p

Therefore,

5 5

(0.0) — —_
anl on—1 " 1 10
1=
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P- series
No
‘ lima,=07? | | Divergent ‘ Evaluate
Jves -
Any special type series ? Eior;vlerie;t Condition
*+ Geometric series Yes . r> 1 1 Zoo l
» P-series b . n=1 n
. . * Converges
* Telescoping series I a. — 0
* Alternating series nl-l;rgo(_ Vg =
iNo
Integral test Convergent Condition
Known antiderivative ? floof(x)dx <

E

\LNO 2 Z;?lo=1n1-1

Long term behavior ‘—I

p

Comparison test Limit Comparison test Ratio/root test

Ta, <Ib, <L lim &=, lim 41— < 4

(convergent) n—co by n—o dn .

w =3h, < 3a Ihy < oo : convergent Say | | lim (a,)!/" =p <1
=¥b, . < oo

(divergent) Xbh;, = oo : divergent Xay convergent

+/- terms but Not alternating
= Absolute convergence - i o 1
P-series Xp—1 —

1 < 1= Divergent
1.1 > 1 = Convergent

1.p
2.p



Telescoping series
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No
‘ lima,=07? | | Divergent ‘ Evaluate
s .
Any special type series ? Convergent Condition
+ Geometric series Yes © <1 oo 1 1
- p>1 1. Yo |cos|=)—cos|—
P-series n=1
. . + Converges n n+1
+ Telescoping series . D — 0
* Alternating series nl-l;rgo(_ Vg =
iNo
Integral test Convergent Condition
Known antiderivative ? floof(x)dx <
No o 1 1
iNo_ 2. Y1 |In(=) —In(—
Long term behavior ‘—I n= n n+1
4
Comparison test Limit Comparison test Ratio/root test
Ta, <Zh, <L lim &= [ lim “2% = p < 1
(convergent) nocobn nl. ( " W= p<1
o0 = Sh, < Ta Lb; < oo : convergent Xa; A (dy =P
(divergent) Xbh;, = oo : divergent Xay convergent

+/- terms but Not alternating TeIescoplng SEeries

= Absolute convergence 1. 200_1 lcos (1) — COS (L)]
n= n n+1

= lim (Cosl — cosﬁ) =cosl—1

n—>0o

2. 2 [in (3) = n (555)

= lim (lnl —lnﬁ) = 00

n—>0o



Integral test
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‘ lim a, =07? | No | Divergent ‘ Evaluate

|Yes -

Any special type series ? Convergent Condition

* Geometric series Yes * Irl<1 oo 1

* P-series *p>1 Z‘I‘L:Z T 1lnn

* Telescoping series * Clonvergei

* Alternating series * lim ()%, =0
iNo

Integral test Convergent Condition

Known antiderivative ? floof(x)dx <

\LNO
Long term behavior ‘—I

p

Comparison test Limit Comparison test Ratio/root test

Ta, <Ib, <L lim &=, lim 41— < 4

(convergent) n—co by n—o dn .

w =3h, < 3a Ihy < oo : convergent Say | | lim (a,)!/" =p <1
=¥b, . < oo

(divergent) Xbh;, = oo : divergent Xay convergent

: Integral test
+/- terms but Not alternating o 1 N d(In %)
= Absolute convergence f dx = lim f —_
2 xIlnx N-oxo "2 Inx

T N
= I\III_T)Y.}O[IHHHDC”Z

= O



AI‘M Week 10 Alternating series

Definition: Alternating series

An infinite series of the form of

(a) Xr=1 (=" ay (b) Xi=a (=1 ! a
where a; > 0

Theorem (Alternating Series Test): Alternating series with diminishing oscillation

converges

An alternating series converges if the following two conditions are satisfied:
(@) ax > ag+1 > agi2 > Agyz > oo
(b) lim a;, =0

k—oo0

* $1,53,S5, ", Son—1, 1 {San—1} is decreasing . a, .
sequence bounded below by 0. ) ;
. . . - 2 >
* S5,S4,S¢, ", Som, 0 {Son ) IS increasing sequence .
- 3 -
bounded above bya;.
. iy —>
e Since bounded monotone sequences converge both D
o GS—J-
{syn—1} and {s,,,} converge.
* llm (SZTL — SZn—l) = llm aZn = O — i
n—>00 n—>00
 lim sy, = lim s,,_1 = lim s, converges . a . >

n—oo n—oo Nn—oo 0 5 Sy S5 83 5, =a
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Alternating series

No
| lim a, =0? |
|Yes
Any special type series ?
Yes

* Geometric series

| Divergent

* P-series
» Telescoping series
* Alternating series

iNo

Integral test

Convergent Condition

e Irl<1

s p>1

* Converges

* lim(—1D"a,=0
n—oo

Known antiderivative ?

\LNO
Long term behavior ‘—I

Convergent Condition
[7F()dx < o0

p

Comparison test Limit Comparison test Ratio/root test

Ta, <Ib, <L lim &=, lim 41— < 4

(convergent) n—co by n—o dn .

w =3h, < 3a Ihy < oo : convergent Say | | lim (a,)!/" =p <1
=¥b, . < oo

(divergent) Xbh;, = oo : divergent Xay convergent

+/- terms but Not alternating
= Absolute convergence

Determine if the following series is
convergent or divergent.

w (D"
2in=1

n

Zoo (_1)nn
n=1 n41

o (DR
=17

n+1
e lim==0 (convergent)
n-oon
. n .
Aggom = 1 (divergent)
. lim Y~ =0 (convergent)



Absolute convergence
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Definition: Absolute convergence for general mixed sign series

» Aseries Yu;(uy be positive or negative) is said to converge absolutely if Y |u, |
converges

* Aseries Y u,(u; be positive or negative) is said to converge conditionally if > u;,
converges but ) |u, | diverges

Absolute convergence Theorem

If '|uy | converges then Y u,; converges

* If Yu, diverges, then Y |u;| diverges

* If Y |ug| converges then llim u, =0
—00

Write Yp-q Uk = Dpeql (g + [ug]) — lugll
= Since 0 < uy + |ug| < 2|ug| and X, 2 ugl = 2 Yp—1|ugl (converges), by
comparison test )1 (U, + |ug|) converges
= Now that )7, (u; + |ug|) converge, and Y., |uy | converges, by the limit
theorem of series, Yi- 1 U = Dpeql(ug + [ugl) — |ugl] converges
e Yap,=S,andYb, =S, = Y(ayp+by) =S, + S,



AI‘M Week 10 Exercise

Does) ;- 1 converge?

If so, how?

|
Z%okzgn_zn k 3forsomek
lnn lnn lnn
113 1 +Zn k Zk 1 +Zn k <oo

n3 =
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Exercise
No . 2+sinn
lima, =07? Divergent
Jim a A | | | Does). -1 —7 converge?
Any special type series ? Convergent Condition If SO hOW?
* Geometric series Yes = Irl<1 ! |
. 1
* P-series . p=
* Telescoping series . (lIlonverglei —0 +Si1’l
+ Alternating series nl_l;lgo(— Yy = DoeSZn 1 - Converge?
iNo
Integral test Convergent Condition If SO, hOW’P
Known anticlerivative ? floof(x)dx <
No :
2+sinn
Long term behavior Does oo_ ——— converge?
| I Zn_z nlnn &
Na — , If so, how?
Comparison test Limit Comparison test Ratio/root test
Yap <Ib, <L 1jm‘;_n:L Alm ;‘“—p<1
(convergent) noo r oo 1/n _ 1
o=Ih <o, || RSTIEMEEG | O 20 Since
(divergent) k : « convergent 2+sin TL
Zn 1 < ZTL 1 le Zn 1
+/- terms but Not alternating d Z . Z < 0,
= Absolute convergence an n=1,2 n=1,2
2+sm n
Zn=1 n2 < %
. k 2+sinn
Since )0 ,— =00, }>  ——— =00
n n
. k o 2+sinn
Since ), —— = 00 L ——— = @
Zn_znlnn ! Zn—l n2
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Exercise
h X
. N = . . P . Uy e
Suppose ) a, and > b, are series with positive terms and lim — = 0. ( ircle the
n-+ox (),
n=1 n=1 G
true statement(s):
™~ ~
If E b, is convergent, then E a,, is convergent.
n=1\ n=1
x X
Ir ; b, is divergent. then E iy, 1s divergent.
n=1 n=I1
X x
If E ay is convergent, then E b, is divergent.
n=1 n=1
X X
If E b, is convergent, then E a, is divergent.
n=1 n=I|

There is not enough information.




-A-I‘M Week 10 Exercise

n
Does) & converge?
Xn=1 (n+1)(n+2) g

If so, how?

Denote f(x) = 0(g(x)) iff%i_r)rgog =L <o

n
1\ . .
- ~0(—) e lim 2042 —
(n+1)(n+2) n n—oo -

(0] n —_
©, Xin=1 (D m+2)

: 1
Since Yo ~=
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Exercise

Which of the following statements is true for the following series?

my m >

n=1

(—l)n s o
n(lnn)3 (1) Z (—1)"n

n=1

(a) T and III converge conditionally, and II diverges.
(b) I converges conditionally, II converges absolutely, and III diverges. < correct
c) I and II converge conditionally, and III diverges.

(
(d) I, II, and III converge conditionally.

(e) I, II, and III converge absolutely.




AI‘M Week 10 Exercise

sinn
Does) -1 — g converge?

If so, how?
Z sinn | Z
n=1|n24n+1 n= 1nz+n+1
1
< Zn=1ﬁ
< 00

Absolutely convergent -> convergent




-A-I‘M Week 10 Exercise

n

Does)ni1 55 converge?

If so, how?

Denote f(x) = O(g(x)) /ff limL =1 < oo

-0 g

n —Zn
2 2 . . 3n+n2 _
sz~ 0(5) ie Jim 2% =1

3
. w (2 2"
Since Xn-1 (3) <Y et < ®



AlM Week 10

Exercise

(10 points) Determine whether the following series is absolutely convergent, conditionally convergent,
or divergent. Show all work, as illustrated in class, by naming the test(s), applying the test(s), and
drawing the correct conclusion(s).

o~ (=1)"n
Z .n2+1

n=1

(=D"n , :
D=1 < oo (Alternating serles)

nZ+1
Din=1 |_Zn1 = 0 (

(-1)™n
Therefore,

~ 0 ( ) (limit comparison) and Z— = 00)

n2+1 n2+1 n2+1

Yo L converges conditionally
n=1 p24q



AlM Week 10

Exercise

Determine whether the series converges or diverges. Justify.

0 3 .- i
Yin=q M sin (n3)

Determine whether the series converges or diverges. Justify.

oo (1
Yin=qnsin (E)

n351n( )— (%)

1
n3

. (1
By divergence test, Yo, > sin (;) = o0

nsin(2) = 52 - 0(3) = 0 (2) ie. i 2o

-1 1
n n n

: 1 . (1
Since Z,"f:l; < o0, Y > nsin (5) < ©

=0< oo
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