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Week in Review 
Math 152

Week 10

Alternating series

Absolute Convergence and the Ratio Test



Week 10 

+/- terms but Not alternating 
 ⇒ Absolute convergence 

Explain why following series do 
NOT converge

1.  σ𝑛=1
∞ 𝑛

𝑛+1
  

2.  σ𝑛=1
∞ −1 𝑛 

3.  σ𝑛=1
∞ 1

𝑒1/𝑛

By divergence test

• lim
𝑛→∞

𝑛

𝑛+1
= 1 

• lim
𝑛→∞

−1 𝑛 = 𝐷𝑁𝐸

• lim
𝑛→∞

1

𝑒1/𝑛 = 1 

Divergence test



Week 10 

+/- terms but Not alternating 
 ⇒ Absolute convergence 

Evaluate σ𝑛=1
∞ 1

𝑒𝑛

Geometric series with

𝑎 =
1

𝑒
 and 𝑟 =

1

𝑒
 

Therefore, 

σ𝑛=1
∞ 1

𝑒𝑛 =
1

𝑒

1−
1

𝑒

=
1

𝑒−1
 

Geometric series



Week 10 

+/- terms but Not alternating 
 ⇒ Absolute convergence 

Evaluate

1.  σ𝑛=1
∞ 1

𝑒𝑛 

2. σ𝑛=1
∞ 5

2𝑛−1

1. Geometric series with

𝑎 =
1

𝑒
 and 𝑟 =

1

𝑒
 

Therefore, 

σ𝑛=1
∞ 1

𝑒𝑛 =
1

𝑒

1−
1

𝑒

=
1

𝑒−1
 

2. Geometric series with

𝑎 = 5 and 𝑟 =
1

2
 

Therefore, 

σ𝑛=1
∞ 5

2𝑛−1 =
5

1−
1

2

= 10 

Geometric series



Week 10 

+/- terms but Not alternating 
 ⇒ Absolute convergence 

Evaluate

1.  σ𝑛=1
∞ 1

𝑛
 

2. σ𝑛=1
∞ 5

𝑛1.1 

P-series σ𝑛=1
∞ 1

𝑛𝑝

1. 𝑝 = 1 ≤ 1 ⇒ Divergent 
2. 𝑝 = 1.1 > 1 ⇒ Convergent 

P- series



Week 10 

+/- terms but Not alternating 
 ⇒ Absolute convergence 

Evaluate

1.  σ𝑛=1
∞ cos

1

𝑛
− cos

1

𝑛+1
 

2. σ𝑛=1
∞ ln

1

𝑛
− ln

1

𝑛+1

Telescoping series

1.  σ𝑛=1
∞ cos

1

𝑛
− cos

1

𝑛+1
 

      = lim
𝑛→∞

cos 1 − cos
1

𝑛+1
= cos 1 − 1

2. σ𝑛=1
∞ ln

1

𝑛
− ln

1

𝑛+1

      = lim
𝑛→∞

ln 1 − ln
1

𝑛+1
= ∞

Telescoping series



Week 10 

+/- terms but Not alternating 
 ⇒ Absolute convergence 

Evaluate

σ𝑛=2
∞ 1

𝑛 ln 𝑛
 

 

Integral test

2׬ 

∞ 1

𝑥 ln 𝑥
𝑑𝑥 = lim

𝑁→∞
2׬

𝑁 𝑑 ln 𝑥

ln 𝑥

 = lim
𝑁→∞

ln ln 𝑥 2
𝑁

 = ∞

Integral test



Week 10 

Definition: Alternating series

An infinite series of the form of
(a) σ𝑘=1

∞ −1 𝑘 𝑎𝑘   (b) σ𝑘=1
∞ −1 𝑘+1 𝑎𝑘 

where 𝑎𝑘 > 0 

Theorem (Alternating Series Test): Alternating series with diminishing oscillation 
converges

An alternating series converges if the following two conditions are satisfied:
(a) 𝑎𝐾 > 𝑎𝐾+1 > 𝑎𝐾+2 > 𝑎𝐾+3 > ⋯
(b) lim

𝑘→∞
𝑎𝑘 = 0

• 𝑠1, 𝑠3, 𝑠5, ⋯ , 𝑠2𝑛−1, ⋯  : 𝑠2𝑛−1  is decreasing 
sequence bounded below by 0.

• 𝑠2, 𝑠4, 𝑠6, ⋯ , 𝑠2𝑛, ⋯  : 𝑠2𝑛  is increasing sequence 
bounded above by𝑎1.

• Since bounded monotone sequences converge both 
𝑠2𝑛−1  and 𝑠2𝑛  converge. 

• lim
𝑛→∞

𝑠2𝑛 − 𝑠2𝑛−1 = lim
𝑛→∞

𝑎2𝑛 = 0 

• lim
𝑛→∞

𝑠2𝑛 = lim
𝑛→∞

𝑠2𝑛−1   ⇒ lim
𝑛→∞

𝑠𝑛 converges 

Alternating series



+/- terms but Not alternating 
 ⇒ Absolute convergence

Week 10 
Alternating series

Determine if the following series is 
convergent or divergent. 

σ𝑛=1
∞ −1 𝑛

𝑛
 

σ𝑛=1
∞ −1 𝑛𝑛

𝑛+1
 

σ𝑛=1
∞ −1 𝑛 𝑛

𝑛+1
 

• lim
𝑛→∞

1

𝑛
= 0 (convergent)

• lim
𝑛→∞

𝑛

𝑛+1
= 1 (divergent)

• lim
𝑛→∞

𝑛

𝑛+1
= 0 (convergent)



Week 10 

Definition: Absolute convergence  for general mixed sign series

• A series σ𝑢𝑘(𝑢𝑘  be positive or negative) is said to converge absolutely if σ 𝑢𝑘  
converges

• A series σ𝑢𝑘(𝑢𝑘  be positive or negative) is said to converge conditionally if σ𝑢𝑘  
converges but σ 𝑢𝑘  diverges

Absolute convergence Theorem 

If σ 𝑢𝑘  converges then σ𝑢𝑘  converges 
• If σ𝑢𝑘  diverges, then  σ 𝑢𝑘  diverges
• If σ 𝑢𝑘  converges then lim

𝑘→∞
𝑢𝑘 = 0

Write  σ𝑘=1
∞ 𝑢𝑘 = σ𝑘=1

∞ 𝑢𝑘 + 𝑢𝑘 − 𝑢𝑘

▪ Since  0 ≤  𝑢𝑘  +  |𝑢𝑘|  ≤  2|𝑢𝑘| and σ𝑘=1
∞ 2 𝑢𝑘 = 2 σ𝑘=1

∞ 𝑢𝑘  (converges), by 
comparison test σ𝑘=1

∞ (𝑢𝑘 + 𝑢𝑘 ) converges
▪ Now that σ𝑘=1

∞ (𝑢𝑘 + 𝑢𝑘 ) converge, and σ𝑘=1
∞ 𝑢𝑘  converges, by the limit 

theorem of series, σ𝑘=1
∞ 𝑢𝑘 = σ𝑘=1

∞ 𝑢𝑘 + 𝑢𝑘 − 𝑢𝑘  converges
•  σ𝑎𝑘 = 𝑆𝑎  and σ𝑏𝑘 = 𝑆𝑏  ⇒  σ 𝑎𝑘 + 𝑏𝑘 = 𝑆𝑎 + 𝑆𝑏 

Absolute convergence



Week 10 

Doesσ𝑛=1
∞ ln 𝑛

𝑛3  converge? 

If so, how? 

σ𝑛=𝑘
∞ ln 𝑛

𝑛3 ≤ σ𝑛=𝑘
∞ 𝑛

𝑛3 for some 𝑘  

σ𝑛=1
𝑘−1 ln 𝑛

𝑛3 + σ𝑛=𝑘
∞ ln 𝑛

𝑛3 ≤ σ𝑛=1
𝑘−1 ln 𝑛

𝑛3 + σ𝑛=𝑘
∞ 1

𝑛2 < ∞ 

 

Exercise



+/- terms but Not alternating 
 ⇒ Absolute convergence

Week 10 

Doesσ𝑛=1
∞ 2+sin 𝑛

𝑛2  converge? 

If so, how? 

Doesσ𝑛=1
∞ 2+sin 𝑛

𝑛
 converge? 

If so, how? 

Doesσ𝑛=2
∞ 2+sin 𝑛

𝑛 ln 𝑛
 converge? 

If so, how?

Since 

σ𝑛=1
∞ 1

𝑛2 ≤ σ𝑛=1
∞ 2+sin 𝑛

𝑛2 ≤ σ𝑛=1
∞ 3

𝑛2 

and σ𝑛=1
∞ 1

𝑛2 = σ𝑛=1
∞ 3

𝑛2 < ∞, 

σ𝑛=1
∞ 2+sin 𝑛

𝑛2 < ∞ 

Since σ𝑛=2
∞ 𝑘

𝑛
= ∞,  σ𝑛=1

∞ 2+sin 𝑛

𝑛
= ∞

Since σ𝑛=2
∞ 𝑘

𝑛 ln 𝑛
= ∞,  σ𝑛=1

∞ 2+sin 𝑛

𝑛2 = ∞

Exercise



Week 10 
Exercise



Week 10 

Doesσ𝑛=1
∞ 𝑛

(𝑛+1)(𝑛+2)
 converge? 

If so, how? 

Denote 𝑓 𝑥 = 𝑂 𝑔 𝑥  iff lim
𝑛→∞

𝑓

𝑔
= 𝐿 < ∞ 

𝑛

(𝑛+1)(𝑛+2)
∼ 𝑂

1

𝑛
  i.e. lim

𝑛→∞

𝑛

(𝑛+1)(𝑛+2)
1

𝑛

= 1

Since σ𝑛=1
∞ 1

𝑛
= ∞, σ𝑛=1

∞ 𝑛

(𝑛+1)(𝑛+2)
= ∞ 

Exercise



Week 10 
Exercise



Week 10 

Doesσ𝑛=1
∞ sin 𝑛

𝑛2+𝑛+1
 converge? 

If so, how?  

σ𝑛=1
∞ sin 𝑛

𝑛2+𝑛+1
≤ σ𝑛=1

∞ 1

𝑛2+𝑛+1
 

    ≤ σ𝑛=1
∞ 1

𝑛2

    < ∞ 
Absolutely convergent -> convergent

Exercise



Week 10 

Doesσ𝑛=1
∞ 2𝑛

3𝑛+𝑛2 
converge? 

If so, how?  

Denote 𝑓 𝑥 = 𝑂 𝑔 𝑥  iff lim
𝑛→∞

𝑓

𝑔
= 𝐿 < ∞ 

2𝑛

3𝑛+𝑛2 
∼ 𝑂

2𝑛

3𝑛   i.e. lim
𝑛→∞

2𝑛

3𝑛+𝑛2

2𝑛

3𝑛

= 1 

Since σ𝑛=1
∞ 2

3

𝑛
< ∞,σ𝑛=1

∞ 2𝑛

3𝑛+𝑛2 
< ∞ 

Exercise



Week 10 

σ𝑛=1
∞ −1 𝑛𝑛

𝑛2+1
< ∞ (Alternating series) 

σ𝑛=1
∞ −1 𝑛𝑛

𝑛2+1
= σ𝑛=1

∞ 𝑛

𝑛2+1
= ∞ (

𝑛

𝑛2+1
∼ 𝑂

1

𝑛
 (limit comparison) and σ

1

𝑛
= ∞) 

Therefore, 

σ𝑛=1
∞ −1 𝑛𝑛

𝑛2+1
 converges conditionally

Exercise



Week 10 

Determine whether the series converges or diverges. Justify. 

σ𝑛=1
∞ 𝑛3 sin

1

𝑛3  

Determine whether the series converges or diverges. Justify. 

σ𝑛=1
∞ 𝑛 sin

1

𝑛3  

𝑛3 sin
1

𝑛3 =
sin

1

𝑛3
1

𝑛3

→ 1  

By divergence test, σ𝑛=1
∞ 𝑛3 sin

1

𝑛3 = ∞ 

𝑛 sin
1

𝑛3 =
sin

1

𝑛3
1

𝑛

∼ 𝑂
1

𝑛3
1

𝑛

= 𝑂
1

𝑛2  i.e. lim
𝑛→∞

sin
1

𝑛3
1

𝑛

= 0 < ∞ 

 Since σ𝑛=1
∞ 1

𝑛2 < ∞, σ𝑛=1
∞ 𝑛 sin

1

𝑛3 < ∞

Exercise
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