Week in Review
Math 152

Week 12
Test 3 Review

Department of Mathematics | Texas A&M University | Minchul Kang



AI‘M Common Exam Il Prep.

2. Using the Alternating Series Estimation Theorem and the MacLaurin series for f(x) = sinz, which of

. 1
the following is an approximation to sin(1) so that the error is less than or equal to al with the fewest
!

number of terms?

) o
(a) 1 m | gj ¢ correct
, 111
- 11 1 1 1
T I TR T T]
, 11
(@ 1-5+ 5

11 1
g L, 1.1
TR TR

(_1)nx2n+1

. o0
SinX = 2n=o (2n+1)!

=D
* sinl=),", D)

¢ |S_Sn| = |an+1|

__ 1 1
(2n+3)! — 6
2n+3)=6;n=>15

e n=2
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-
3. The series E cnlx + 1)" converges when » = —4. Which of the following series is guaranteed to

n=1

converge?

(1) i en - 0" (11) i Cn (I11) i cn2" (IV) i n3"

n=1 n=1 n=1 n=1

(a) T and II only

(b) I, II, and III only
(¢) II and IIT only

(d) II, III, and IV only
(e) I, IT, IIT and IV

If the radius of convergence is R,
the series is convergent for all x such that |x + 1| < R

Forx =—4,|—4+1| <R
Therefore, R = 3

convergent
A A
r Y | N
-5 4 -3 2 4 0 ‘ 1 2 3 A 5
* * «
convergent center may/may not convergent
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o
: 1
4. Which of the following statements is true regarding the series E s111 ( = |?

(a) The Ratio Test shows that the series is convergent.

(b) The Ratio Test shows that the series is divergent.

(¢) The Limit Comparison Test shows that the series is convergent. - correct
(d) The Limit Comparison Test shows that the series is divergent.

(e) The Limit Comparison Test is inconclusive.

lim —Sin(n_lz)

n—oo !
n2

1
Let; = x,thenasn — oo, x — 0.
cos(x)

. sin(x) i
lim—— = lim——= ==
x—-0 X x—0

L’hospital’s rule
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6. Which of the following statements is true for the following series?

(M “Z:l [n. Iljll D) “E: nlllnr (I11) “Z; ( fl]l'fn.
(a) I and IIT converge conditionally, and II diverges.
(b) I converges conditionally, IT converges absolutely, and IIT diverges. < correct
(¢) T and IT converge conditionally, and IIT diverges.
(d) I, II, and IIT converge conditionally.
(e) I, II, and IIT converge absolutely.
(1) L S0 (convergent) lim —— .
n+1 (1) 22072 = 1 with Y50 1 = oo (divergent)
(2) N (convergent) r%lanc?oE
n(lnn)3
on (2) f dx < oo(absolutely convergent)

(3) — > (divergent) (3) (d|vergent)
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1. Which of the following is true regarding the series

(a) The Ratio Test limit is
(b) The Ratio Test limit is

o fe]os

1

[

(¢) The Ratio Test limit is

> on- 3"

n=1 an

, 80 the series converges.
, s0 the series diverges.

, s0 the series diverges.

(d) The Ratio Test limit is =2, so the series converges.

L

1° o5 o)

(e) The Ratio Test limit is

=

, s0 the series diverges.

Y1 5n G)n where a,, = 5n G)n

By ratio test,

5(n+1)(§)n+1
lim [ = lim NG
n—0o an n—oo 5"(%)
= lim [ (3)] =2 < g
n—oo n 4 4
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; . 2 . : ) R
2. Find the Maclaurin series for the function f(z) = z%e™* .

l}n dn+2

) 3 S

An+6

(b) >

n=I n!

o0 pOm
(d) > —

n=0 T

o0 I:i'rr.+.3

xTL
= Zn=05y
3\

xz(e—x3) — x2 2%}:0( X )

n!
3n+2

= Yoo (=" —
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3. Find the 3rd degree Taylor polynomial, T5(x), for the function f(xr) = Inx centered at a = 6.

(a) T3(xz) =6+ #(z — 6) — 3=(z — 6)% + oz (z — 6)*
(b) Ts(z) =In6+ z(z — 6) — =5(z — 6)> + 7=(z — 6)*
(c) T3(z) =In6 + 2(z — 6) — =(x — 6)% 4 I{T 6)*
(d) Ts(z) =6+ g(z —6) — 3=(x — 6)* + 7= (z — 6)°
(e) T3(x) =In6 + £(z — 6) — (x — 6)* + H(z — 6)°
Soll Sol 2.
_ 1 n 6 m 6
(Inx)' = £+ (O -6 +12 (- 62 + 2 (x - 6)°
1
1 1

" 6 (6-0) 1——( (x 6))

Ha+i(--e) + (- -o)] )

S(1-2@-6) +5(x—6)?)
lnx=a0+6(x——(x—6)2+1—08(x—6))
In6 = q,

_ N2 Y N3
Inx =In6+~ P (x 6) +648(x 6)
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4. Find a power series representation for f(z) =

— and its radius of convergence.
.y

?i'-|—l

z R=4

4n+l

=

o0 ,'I,'”'-'—l
n=I(] 4ﬂ+l ..
o0 1}”’ ™
(C} z _11'.l+l ! R=4

=[]

—
=y
R
|

fres L

o
—

137 n+1
)"z

(@) > —— R=1

-
e
]

1}”.‘K”+l

) 3o .y
(L}l HZ[]T, R=4 f(x) —

= 3o - (D)

an+1
an

lim

n—->co

x| <4 =R
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I < nl(x 4 4)"

5. Find the interval of convergence of the series > T
n=I(] W

(a) {0}

(b) (—oc,00)
(c) (~7,-1)
(d) (—4,4)
(e) {4}

. Ant1| _ 4 (n+1)!(x+4)"*+1 3"
111—{{:10 an | rl,,l—g:lo 3n+i nl(x+4)n
= |(n+1)(x+4)| = oo except for x = —4
n—>00
RoC =0
loC = {—4}
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6. Suppose that 0 < a,, < b, for all n = 1. Which of the following statements is always true?

- o
(a) If 3 by is divergent, then sois Y ay,.

n=1 n=1

(b) If > a, is convergent, then so is Z b, .

n=1 n=1
X
(¢) If lim b, =0, then ¥ a, is convergent.
LS n=1

(d) If > a, is divergent, then so is > b,.

n=1 n=1

(e) If lim a, =0, then lim b, = 0.
n—roo n—roo

0<a,<b,

0<Xa, <Xb,

* Qap =0 = )Yb, =
* Yb, < =)a, <
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3+ sinn
. Which of the following statments is true for the series Z ﬁ
n=1 TV

3+ sinn 3 x 3
(a) The series converges since T < —= ¢ and ©
n' n'

converges.

3+ sinn 2 < i
(b) The series converges since ———— > — and Y —
n? 4+ 1 n- n—1 n-

converges.

3+ sinn 2 S
———— > — and ) — diverges.

(¢) The series diverges since
n® 4+ 1 n? i1 n®

(d) The series converges since

3+ sinn
—— < — and Z = converges.
n? + 1 n° n—1 n”

(e) Nomne of these.

—1 <sinn<1
2<3+sinn<4

2 3+sinn 4
n5+5 — n5+5 — n5+5

Z:3+sinn < Z Z

nS5+5

n5+5
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~O {\ l}ﬂ,
8. The alternating series > (CE)E
n=1 ’

Use the Alternating Series Estimation Theorem to determine an
upper bound on the absolute value of the error in using ss

to approximate the sum of the series.

COnverges.

(@) 1
(b) 5
(c) 71
@) &
(e) =

1S — S5| < |as4q]
1
~ g2
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9. Consider the series below, which statement is true regarding the absolute convergence of each series?

o0

) ( 2]TE- ( l]]’h}-lt
{I} Z an+1 [‘II] Z n2 4+ 3
n=1 n=1
a ) converges but not absolutely, ) converges absolutely.
(a) (L b bsolutely, (I’ bsolutel
(b) Both (I) and (II) converge but not absolutely.
c) Both AT converges absolutely.
) Both (I) and (II bsolutel
(d) (I) converges abolutely, (II) diverges.
e ) converges absolutely, ) converges but not absolutely.
(e) (L bsolutely, (I’ I bsolutel
1 2\" : : 2
(n X (5) (— 5) =Geometric seriesw/ r = —3 (absolutely convergent)
(1) lim s 0 (convergent alternating series)
n—>00
lim zn 1 n
n-oon<+3
—_— = — = 00 = = OO
- land ¥~ )My
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10. For which series is the ratio test inconclusive?

o= (="
(@) n=2 3"y Inn i An+1| _ li 3™ /In(n+1) _
(a) lim im m 3>1
f < (—1)" n-oo | an n—oo 31,/In(n)
b) - _ . 1 1) . :
L ?5.21 no (b) lim || = lim Y@+ 1 (inconclusive)
o n—-oo | An n—-oo | 1/n°
(¢) > ne ™ ) An+1| _ 1 (n+1) e'| _1
n=l (c) 1%1—{20 an | ,lllf}o P I <1
. > on n
(d) > = o [Gnta| g (2D 2T 2
@ Jim [22] = i |00 2 1 < g
> n+42 : An+1 : (n+3) n! |
e = . =
© % (e) i o | = M e “7ral =0 <1
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oo I[ 1]?;'.:.;2?;'.
11. Find the sum of the series ”Z“ m

"
© [ _1\n \4 _ 3
Yn=o(=1) (2n)! €03
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oC
12. The series > cp,x™ converges when z = 4 and diverges when x = —7. What can be
n=2
said about the convergence of the following series?

(D) > 9" (I1) > en(—4)"
n=2 n=2
(a) Both (I) and (II) are inconclusive.
(b) (I) diverges, (II) converges. (assume ¢, = 0)
(¢) (I) diverges, (II) is inconclusive. If the radius of convergence is R,
(d) Both (I) and (II) converge. the series is convergent for all x such that [x| < R
(e) (I) is inconclusive, (II) converges. Forx =4,|4| <R
Forx = —-7,|-7| = R
Therefore, 4 < R <7
convergent
p A \fl A N
5 4 3 2 -4 0 ‘ 1 2 3 4 5
@« & @« @«
Divergent  convergent center convergent

(alternating)
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13. Find the coefficient of % in the Maclaurin series for the function f(x) = sin(2x).

(a) 3

(b) —4

(c) 3

(d) %

I;ﬂ} % 2n+1
sinx = Yn=o(-D" 575
sin2x = Yp—o(—1D" ((2;3:;,1

_ 1(20)° _ 8 3
n—1:>(—1)T——gx
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: : , . X (—=1)™n2,
14. Which of the following statements is true for the series %?
n=1 T

The series converges ahsolutely.

The series converges but not absolutely.

(c) The series diverges by the alternating series test.
) The series diverges by the test for divergence.

None of these.

2

~ -=1 (divergent by divergence test)

lim

n—oo n2+
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;- . . . 3 . .
15. Evaluate the indefinite integral [ arctan(4x”) dr as a Maclaurin series.

(a) C 4

(b) C A

?

( 1 }rt42-rt +'2.£{~:~-u +6

=1 {2” | J-]'{Z” 1 2]
[ 1}n4'2n+lm{in+ﬁ

1%

=0 2n+1)(2n+2)
[ 1 ]rt42-r1 +'2J:{i-u+4

[~

=0 (2n+ 1)(6n + 4)
0 ( 1 ]1t4(in +=1J,:{'i-n_+4

D

=l {2” | J-]'{ﬁ” 1 -1]
o0 [ 1}n42n+lm{in+4

o (2n+1)(6n + 4)

R 1
(atanx)’ = o = ot

= Yn=o(—x*)"
= Yn=o(=1D)"x?"
—1 ) y-21+1
atanx = C +Z;‘l°:0( D«

2n+1
atan(0) =C =0
o (_1)71 4 3 2n+1
atan(4x3) =YX, Z(nf- 1)

. 0 (_1)n42n+1x6n+3
- ano

2n+1

(=1)M42n+1y6n+4

[atan(4x3) dx = C + ¥,

(2n+1)(6n+4)
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16. (12 pts) Find (a) the Radius of convergence and

3z —1)"
(b) Interval of convergence of the power series Z { )

5 8% (n — 1)
RoC:
. ) 3x—1)"t1 gn(pn—1 i 3x—1
lim an+1=11m(x) R Gy | R T i |<1
n—oo an n—oo 8n+17’l (3X—1) n—oo
1
3h—ﬂ<8

|x—§| <§ =>R=§ with (—%,3)

loC
@3x —1=8(x =3)

Z;’f’:zﬁ = oo (Harmonic series)
@3x—1=—8(x=_Z)

n
din=2 i) < oo (Alternating series w/ a,, = 0)

loC: [—§+§'5+§) =|-%3)
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1

17. (8 pts) Find the Taylor Series for f(z) = — centered at z = 2.
£
[ fdx = ¢, — —
1 ox2 )
[ fdxdx = C, + Cyx t
= 1/2 = 4
_ _on T
== Cl + sz + iZ,%o:O (%)
D" (x=2)"
=C; + Cx + Z%O:O on+2

n(x-2)""1

[ fdx = ¢y + 3o, S
(-D)"n(n—1)(x—2)""2

f — Z?to=2 2 N+2
lethk=n—-2=>n=k+2

o (=DFk+2)(k+1)(x—2)F
f :Zkz()

2k+4
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1/2

18. (12 pts) Express / cos(x?) dr as an infinite series.

S0
2n

X
(2n)!

2 <o B nx4n
cosx* = Yn=o(-D)" 55,

1/2 w (D" (1/2
J,' cosx?dx =Y, o Jy ' x*dx

(_1)11 [x4n+1] 1/2

CosX = Yp—o(—=1D"

= Z%):o

(o) (_1)11
= Xin=0

(2n)! | 4n+1 0

1

(2n)! ' (4n+1)24n+1
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19. (8 pts) Determine whether the series

converges or diver ges.

Support your answer.

By limit comparison,
Vn+5
lim
nocen®=2n _ q \ith Yo \/_ < oo (p-series)

Vn+5

Therefore X5 - <

n3-2n
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