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Common Exam III Prep.  

sin 𝑥 = σ𝑛=0
∞ −1 𝑛𝑥2𝑛+1

2𝑛+1 !
 

• sin 1 = σ𝑛=0
∞ −1 𝑛

2𝑛+1 !
 

• 𝑆 − 𝑆𝑛 ≤ 𝑎𝑛+1   

  =
1

2𝑛+3 !
≤

1

6!
 

2𝑛 + 3 ≥ 6 ; 𝑛 ≥ 1.5
• 𝑛 = 2



Common Exam III Prep.  

centerconvergent

If the radius of convergence is 𝑅,
the series is convergent for all 𝑥 such that 𝑥 + 1 ≤ 𝑅 
For 𝑥 = −4, | − 4 + 1| ≤ 𝑅 
Therefore, 𝑅 ≥ 3 

convergent

may/may not convergent



Common Exam III Prep.  

lim
𝑛→∞

sin
1

𝑛2
1

𝑛2

 

Let 
1

𝑛2 = 𝑥, then as 𝑛 → ∞, 𝑥 → 0.

• lim
𝑥→0

sin 𝑥

𝑥
= lim

𝑥→0

c𝑜𝑠 𝑥

1
== 1

L’hospital’s rule



Common Exam III Prep.  

(1) 
1

𝑛+1
→ 0 (convergent)

(2) 
1

𝑛 ln 𝑛 3 → 0 (convergent)

(3) 
𝑒𝑛

𝑛
→ ∞ (divergent)

(1) 
lim

𝑛→∞

1

𝑛+1

lim
𝑛→∞

1

𝑛

= 1 with σ𝑛=1
∞ 1

𝑛
= ∞ (divergent)

2 (2)

∞ 1

𝑥 ln 𝑥 2 𝑑𝑥 < ∞(absolutely convergent)

(3) (divergent)



Common Exam III Prep.  

σ𝑛=1
∞ 5𝑛

3

4

𝑛
 where 𝑎𝑛 = 5𝑛

3

4

𝑛

By ratio test, 

lim
𝑛→∞

𝑎𝑛+1

𝑎𝑛
= lim

𝑛→∞

5 𝑛+1
3

4

𝑛+1

5𝑛
3

4

𝑛

  = lim
𝑛→∞

𝑛+1

𝑛

3

4
=

3

4
< 1



Common Exam III Prep.  

𝑒𝑥 = σ𝑛=0
∞ 𝑥𝑛

𝑛!
 

𝑥2 𝑒−𝑥3
= 𝑥2 σ𝑛=0

∞ −𝑥3 𝑛

𝑛!
 

  = σ𝑛=0
∞ −1 𝑛 𝑥3𝑛+2

𝑛!



Common Exam III Prep.  

Sol1

(ln 𝑥)′ =
1

𝑥
 

 =
1

6−(6−𝑥)
=

1

6

1−
1

6
− 𝑥−6

 

 =
1

6
1 +

1

6
− 𝑥 − 6 +

1

6
− 𝑥 − 6

2
 

 =
1

6
1 −

1

6
𝑥 − 6 +

1

62 𝑥 − 6 2

ln 𝑥 = 𝑎0 +
1

6
𝑥 −

1

12
𝑥 − 6 2 +

1

108
𝑥 − 6 3  

ln 6 = 𝑎0 

ln 𝑥 = ln 6 +
1

6
𝑥 −

1

72
𝑥 − 6 2 +

1

648
𝑥 − 6 3 

Sol 2. 

 𝑓 6 + 𝑓′ 6 𝑥 − 6 +
𝑓″ 6

2
𝑥 − 6 2 +

𝑓‴ 6

6
𝑥 − 6 3



Common Exam III Prep.  

𝑓 𝑥 =
𝑥

4

1+ −
𝑥

4

 

 =
𝑥

4
σ𝑛=0

∞ −
𝑥

4

𝑛
 

 = σ𝑛=0
∞ −1 𝑛 𝑥

4

𝑛+1
 

lim
𝑛→∞

𝑎𝑛+1

𝑎𝑛
=

𝑥

4
< 1 

 𝑥 < 4 = 𝑅 



Common Exam III Prep.  

lim
𝑛→∞

𝑎𝑛+1

𝑎𝑛
= lim

𝑛→∞

𝑛+1 ! 𝑥+4 𝑛+1

3𝑛+1 ⋅
3𝑛

𝑛! 𝑥+4 𝑛  

  = lim
𝑛→∞

(𝑛+1)(𝑥+4)

3
= ∞ except for 𝑥 = −4

𝑅𝑜𝐶 = 0 
𝐼𝑜𝐶 = {−4} 



Common Exam III Prep.  

0 < 𝑎𝑛 < 𝑏𝑛 
0 < σ𝑎𝑛 ≤ σ𝑏𝑛 
•  σ𝑎𝑛 = ∞ ⇒ σ𝑏𝑛 = ∞
• σ𝑏𝑛 < ∞ ⇒ σ𝑎𝑛 < ∞



Common Exam III Prep.  

−1 ≤ sin 𝑛 ≤ 1 
2 ≤ 3 + sin 𝑛 ≤ 4 

2

𝑛5+5
≤

3+sin 𝑛

𝑛5+5
≤

4

𝑛5+5
 

σ
3+sin 𝑛

𝑛5+5
≤ σ

4

𝑛5+5
≤ σ

4

𝑛5 < ∞ 



Common Exam III Prep.  

𝑆 − 𝑆5 ≤ 𝑎5+1  

  =
1

82



Common Exam III Prep.  

(I)  σ
1

3
−

2

3

𝑛
=Geometric series w/ 𝑟 = −

2

3
 (absolutely convergent)

(II)  lim
𝑛→∞

𝑛

𝑛2+3
= 0 (convergent alternating series) 

lim
𝑛→∞

𝑛

𝑛2+3

lim
𝑛→∞

1

𝑛

= 1 and σ
1

𝑛
= ∞      ⇒ σ

𝑛

𝑛2+3
= ∞



Common Exam III Prep.  

(a)  lim
𝑛→∞

𝑎𝑛+1

𝑎𝑛
= lim

𝑛→∞

3𝑛+1 ln(𝑛+1)

3𝑛 ln(𝑛)
= 3 > 1 

(b)  lim
𝑛→∞

𝑎𝑛+1

𝑎𝑛
= lim

𝑛→∞

1/ 𝑛+1 5

1/𝑛5 
= 1 (inconclusive) 

(c)  lim
𝑛→∞

𝑎𝑛+1

𝑎𝑛
= lim

𝑛→∞

(𝑛+1)

𝑒𝑛+1 
⋅

𝑒𝑛

𝑛
=

1

𝑒
< 1 

(d)  lim
𝑛→∞

𝑎𝑛+1

𝑎𝑛
= lim

𝑛→∞

(𝑛+1)

2𝑛+1 
⋅

2𝑛

𝑛
=

1

2
< 1

(e)  lim
𝑛→∞

𝑎𝑛+1

𝑎𝑛
= lim

𝑛→∞

(𝑛+3)

𝑛+1 ! 
⋅

𝑛!

𝑛+2
= 0 < 1



Common Exam III Prep.  

σ𝑛=0
∞ −1 𝑛

3

4

2𝑛

2𝑛 !
 = cos

3

4
 



Common Exam III Prep.  

center convergent

If the radius of convergence is 𝑅,
the series is convergent for all 𝑥 such that 𝑥 ≤ 𝑅 
For 𝑥 = 4, |4| ≤ 𝑅 
For 𝑥 = −7, −7 ≥ 𝑅 
Therefore, 4 ≤ 𝑅 ≤ 7 

convergent

Divergent convergent
(alternating)

(assume 𝑐𝑛 ≥ 0) 



Common Exam III Prep.  

sin 𝑥 = σ𝑛=0
∞ −1 𝑛 𝑥2𝑛+1

2𝑛+1 !
 

sin 2𝑥 = σ𝑛=0
∞ −1 𝑛 (2𝑥)2𝑛+1

2𝑛+1 !
 

 𝑛 = 1 ⇒ −1 1 (2𝑥)3

3!
= −

8

6
𝑥3



Common Exam III Prep.  

lim
𝑛→∞

𝑛2

𝑛2+1
= 1 (divergent by divergence test) 



Common Exam III Prep.  

atan 𝑥 ′ =
1

1+𝑥2 =
1

1− −𝑥2  

  = σ𝑛=0
∞ −𝑥2 𝑛

   = σ𝑛=0
∞ −1 𝑛𝑥2𝑛 

atan 𝑥 = 𝐶 + σ𝑛=0
∞ −1 𝑛𝑥2𝑛+1

2𝑛+1
 

atan 0 = 𝐶 = 0 

atan 4𝑥3 = σ𝑛=0
∞ −1 𝑛 4𝑥3 2𝑛+1

2𝑛+1
 

  = σ𝑛=0
∞ −1 𝑛42𝑛+1𝑥6𝑛+3

2𝑛+1
 

 atan 4𝑥3 𝑑𝑥 = 𝐶 + σ𝑛=0
∞ −1 𝑛42𝑛+1𝑥6𝑛+4

(2𝑛+1)(6𝑛+4)
 



Common Exam III Prep.  

RoC:

lim
𝑛→∞

𝑎𝑛+1

𝑎𝑛
= lim

𝑛→∞

3𝑥−1 𝑛+1

8𝑛+1𝑛
⋅

8𝑛(𝑛−1)

(3𝑥−1)
= lim

𝑛→∞

3𝑥−1

8
< 1 

 3 𝑥 −
1

3
< 8 

𝑥 −
1

3
<

8

3
   ⇒ 𝑅 =

8

3
  with −

7

3
, 3

IoC
@3𝑥 − 1 = 8 (𝑥 = 3)

 σ𝑛=2
∞ 1

𝑛−1
= ∞ (Harmonic series)

@3𝑥 − 1 = −8 (𝑥 = −
7

3
)

 σ𝑛=2
∞ −1 𝑛

𝑛−1
< ∞ (Alternating series w/ 𝑎𝑛 → 0)

IoC : −
8

3
+

1

3
,

8

3
+

1

3
= −

7

3
, 3



Common Exam III Prep.  

 𝑓𝑑𝑥 = 𝐶1 −
1

2𝑥2 

∬ 𝑓𝑑𝑥𝑑𝑥 = 𝐶2 + 𝐶1𝑥 +
1

2𝑥
 

  = 𝐶2 + 𝐶1𝑥 +
1/2

2−(2−𝑥)
  = 𝐶2 + 𝐶1 +

1/4

1−
2−𝑥

2

  = 𝐶1 + 𝐶2𝑥 +
1

4
σ𝑛=0

∞ (−1)(𝑥−2)

2

𝑛

  = 𝐶1 + 𝐶2𝑥 + σ𝑛=0
∞ −1 𝑛 𝑥−2 𝑛

2𝑛+2  

 𝑓𝑑𝑥 = 𝐶1 + σ𝑛=1
∞ −1 𝑛𝑛 𝑥−2 𝑛−1

2𝑛+2  

𝑓 = σ𝑛=2
∞ −1 𝑛𝑛(𝑛−1) 𝑥−2 𝑛−2

2𝑛+2   

Let 𝑘 = 𝑛 − 2 ⇒ 𝑛 = 𝑘 + 2 

 𝑓 = σ𝑘=0
∞ −1 𝑘(𝑘+2)(𝑘+1) 𝑥−2 𝑘

2𝑘+4



Common Exam III Prep.  

cos 𝑥 = σ𝑛=0
∞ −1 𝑛 𝑥2𝑛

2𝑛 !
  

 cos 𝑥2 = σ𝑛=0
∞ −1 𝑛 𝑥4𝑛

2𝑛 !
 

0

1/2
cos 𝑥2 𝑑𝑥 = σ𝑛=0

∞ −1 𝑛

2𝑛 !
0

1/2
𝑥4𝑛𝑑𝑥 

   = σ𝑛=0
∞ −1 𝑛

2𝑛 !

𝑥4𝑛+1

4𝑛+1 0

1/2

 

   = σ𝑛=0
∞ −1 𝑛

2𝑛 !
⋅

1

4𝑛+1 24𝑛+1 



Common Exam III Prep.  

By limit comparison, 

lim
𝑛→∞

𝑛+5

𝑛3−2𝑛

lim
𝑛→∞

𝑛

𝑛3

= 1  with  σ𝑛=0
∞ 𝑛

𝑛3 < ∞ (p-series) 

  Therefore σ𝑛=0
∞ 𝑛+5

𝑛3−2𝑛
< ∞ 
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