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Section 4.1 — Properties of Root Functions and Their Graphs
1. (a) Determine the domain of f(z) = V6 — 5z — 2.

Solution:
Since the function involves an even root, we need 6 — 5x — x2 > 0, so
—(x*>+5x—-6)=>0
—(x—1Dx+6)=0
(x—1D(x+6)<0.

Creating a table and testing values around x = —6and x = 1,
Interval Test x x-—1Dx+06) < 0or>07?
x<—6 — (-8)(-1) =8 greater
—6<x<1 0 (-1)(6) = -6 less
x>1 2 (1)(@8) =28 greater

Therefore, the domain of f is [—6, 1].

Instead of using test values and a sign diagram, we can sketch the graph of

g(x) = 6 — 5x — x2.

Since g(x) = 0 when —6 < x < 1, we again s
find that the domain of f is [—6,1]. 10]

-5-76-'5-4-3-2-12 2 3 4
-4
-6

(b) Sketch the graph of f, including any intercepts and asymptotes.

Solution:
Since f(0) = /6, the vertical intercept is (0,\/6).

Also,
0= () =46 —Sar— g2 =y~ — 1) B)
0=(x—1)(x+6), 5
so0, there are horizontal intercepts at x = 1 and x = —6.

By part (a), the domain of fis[—6,1] and f(x) = 0
for an even root function.

-7 -6 =5 -4 -3 -2 -1 1 2
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@+2)@-3)

2. (a) Determine the domain of f(z) = I
Tz —

Solution:
Since the function involves an even root of a rational expression, we need

(x+2)(x —3) -

=0, sote Rl
Xr—il:
Creating a table and testing valuesaroundx = —2,x = 1,and x = 3,

Interval Test x x+2)(x-3)/(x-1) < 0or>07?

X< 2 -3 (-1(-6)/(—4) =-3/2 less
—2.<ix<'1 0 2)(-3)/(-1) =6 greater
l<x=3 2 @®(-1D/1=-4 less

a3 4 (6)(1)/3=2 greater

Therefore, the domain of fis [-2,1) U [3, «).
Instead of using test values and a sign diagram, we can sketch the graph of

_(x+2)(x—3)
— x-1

g(x)

Since g(x) = O when =2 < x < 1lorx = 3, we again
find that the domain of fis [—-2,1) U [3, ). 2

2/3 45 6 7

T RV
=2

/ pe
-6
-8

<10
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(b) Sketch the graph of f, including any intercepts and asymptotes.
Solution:
Since £(0) = \/5, the vertical intercept is (0, \/5)

Also,
(x+2)(x—=3)
0= = _—n
£&) —
0=(x+2)(x—3),
so, there are horizontal intercepts at x = —2 and x = 3.
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By part (a), the domain of fis[—2,1) U [3,%),andasx —» 17, f(x) — .
-

Therefore, there is a vertical asymptote at x = 1. =

We also know that for an even root function,

f(x)=0. i

Since the degree of the polynomial in the 3
numerator of the rational expression is larger
than the degree in the denominator, as

X — 00, f(x)—)oo,

8 i i

2x

3. (a) Determine the domain of f(r) = -———.
a3 —27

Solution:
Since the function involves an odd root of a rational expression,

x3—-27 %0
x3 # 27
JEUE

Therefore, the domain of f is (—00,3) U (3, o).

(b) Sketch the graph of f, including any intercepts and asymptotes.
Solution:

Since f(0) = 0, the vertical intercept is (0,0).

Also,
0= F() =
= X)) =
Va3 =27
0= 2x;

so, the only horizontal intercept is at x = 0.
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Creating a table and testing values around x = 0 and x = 3,

Interval Test x fix) < 0or>07?

x <0 -1 (—2)/§/——28 = 2/3/% greater
D= 1 2/¥-26 = -2/V26 less

x>3 & 8/3/37 greater

Using the table, asx — 37, f(x) - —oo,and as x — 37, f(x) — co.
Therefore, there is a vertical asymptote at x = 3.

By part (a), the domain of fis (—o0,3) U (3, ), and as x — +o,

£00) 2x 2x 2x
X) = ~ = e
Vx3—27 Vx3 x

Therefore, there is a horizontal asymptote at y = 2.

-5 -4 -3 -2 -1 2
e 1A

I B e il Sl
~

2z

Vi — 16

4. (a) Determine the domain of f(z) =

Solution:

Since the function involves an even root, we need x2 — 16 > 0, so

(x—4(x+4)>0.

Creating a table and testing values around x = —4 and x = 4,
Interval Test x (x—4)(x+4) < 0or>0?
x < —4 —5 (=9)(=1) =9 greater
d<x<4 0 (-)(@) = —16 less
x >4 5 (1) =29 greater

Therefore, the domain of f is (—o0, —4) U (4, ).

(b) Sketch the graph of f, including any intercepts and asymptotes.
Solution:
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Since the domain does not include x = 0, the function does not cross the x or y-axis.
Using the table, asx = —47, f(x) - —oo,andas x = 47, f(x) — oo.
Therefore, there are vertical asymptotes atx = —4 and x = 4.

As x — +oo,

2%
+2.

2% 2x
f(x): I~4 = e
Vx2—16 Vx2 |«

Therefore, there are also horizontal asymptotesaty = —2andy = 2.
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5. Park rangers may construct rock piles to mark trails or other landmarks. A
mound of gravel in the shape of a right circular cone with the height equal to
twice the radius of the base is constructed. The volume V of such a cone as a
function of the radius r is given by

V(r)= gm“?’.
Determine the radius of the mound of gravel if the volume is 100 ft>.
Solution:
Let V = V(r). Solving for the radius r, =

V=V(r)=§m"3=>ﬁzr

33V
r=r{lV) = \/;

Evaluating the functionat V = 100,

3[3(100)  3|150
r(100) = = S 3.63 feet.

3

21
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Section 4.3 — Solving Equations Involving Root and Power Functions

1. Solve the following radical equations.

(a) V1b -2z ==
Solution:
V15 —2x = x
2
(V 15 — Zx) =3
15 DR — %=
e ew—ils5=10
(x—-—3)(x+5)=0
Therefore, x = 3 and x = —5 are potential solutions to the radical equation.

Checking x = —5,

V15— 2x =«x
J1I5-2(-5) = -5
VIS + 10 = —5
V25 = -5
AP

This means x = —5 is an extraneous solution and does not solve the equation.

Checking x = 3,

V15 —-2x =x

JIE—23 =3
Vis_6=3

Therefore, x = 3 is the solution to the radical equation.
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(b) {2z —4+7=5

Solution:
V2x—4+7=5
Vox —4=-2
(Vzx=12)’ = (-2)?
2x —4=-8
2x = —4
x=-2

Since we raised both sides to an odd power, there is no need to check the solution.

() V3z+7++Vz+2=1
Solution:

V3x+7+Vx+2=1
V3x+7=1-Vx+2
Vaxt7) =(1-vxt2)°
3x+7=1+@x+2)—2Vx+2
3x+7=x+3-2Vx+2
2x+4=-2Vx+2
x+2=—x+2

x+2=—Vx+2
2
(x +2)? = (—Vx + 2)
> +4x+4=x+2
X2 4+3x+2=0

x+DKx+2)=0

Therefore, x = —1 and x = —2 are potential solutions to the radical equation.

Checkingx = —1,

V3x+7+Vx+2=1

I
=

JBCD+7+vV-1+2+
VE+VIZ1

?
2+1=1
3% 1L

This means x = —1 is an extraneous solution and does not solve the equation.
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Checking x = -2,

V3x+7+Vx+2=1

Il
—

B +7+V_2+22
VI+V0 =1

?
1+0=1
1=1.

Therefore, x = —2 is the solution to the radical equation.

(d) V2z+3—-+Vz+1=1
Solution:

V2x+3-vVx+1=1
V2x+3=1+Vx+1
(Vzx+3) = (1 +Va+ 1)’
2x+3=1+(x+1D+2vVx+1

2x+3=x+2+2vx+1
x+1=2vx+1

(x+1)%=(2Vx + 1)2

x2+2x+1=4x+4
% —2x—-3=10
(x—-3)x+1)=0
Therefore, x = —1 and x = 3 are potential solutions to the radical equation.

Checking x = —1,

V2x+3—-Vx+1=1

2D +3-V1+i=1
Vi-vVo=1
1-0=1

1=1.

Therefore, x = —1 is a solution to the radical equation.
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Checking x = 3,

Il
—

V2x+3-Vx+1

JE@) 3 B a1
NGRS
gz

1=1.

Therefore, x = 3 is also a solution to the radical equation.

(e) x°/4 =32
Solution:
x3/% =32
(Vx)® =32
e = V32
E=
(Vo)r =2
x =16

Therefore, x = 16 is a potential solution to the radical equation.

Checking x = 16,

% =37
(Vx)> =32
(¥T6)" < 32
@5
50—,

Therefore, x = 16 is the solution to the radical equation.

(f) (22+3)* =9
Solution:
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(2x+3)23 =9

(Vzx+3)° =9

V2x +3 = +V9
V2x +3 =43
3
(V2x +3) = (43)°
2x +3 =127
2x + 3 =427
2x=—34% 27
=327
Xi= >
Therefore, x = —? = —15andx = 22—4 = 12 are solutions to the radical equation.

Since we raised both sides to an odd power, the solutions are not extraneous.

(g) (z—1)%*=-27

Solution:
A =2y

3

(Vx—1) =-27
Vx—1=3V-27
Vx-1=-3

(=D = -3)*

x—1=81

Therefore, x = 82 is a potential solution to the radical equation.

Checking x = 82,
3

(Vx—1) =-27
(Y82—1) £ -27
(V81)’ £ —27
(3)3 £ —27

27 # —27.

Therefore, x = 82 is an extraneous solution, there are no solutions to the equation.
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Section 4.4 — Solving Nonlinear Inequalities
1. Solve the following inequalities.

(a) 22 >z +12

Solution:
2
2x >x+12 v B 4
x* —x'— 12 >0 i a
(x—4)(x+3)>0 -3 4
Creating a table and testing values around x = —3 and x = 4,
Interval Test x (x—Dx+3) < Qor>0?
x <=3 —4 (-8)(-1)=28 greater
—-3<x<4 0 -4)(3) =-12 less
x> 4 ) (1)(8) =8 greater

Therefore, the inequality is true over the interval (—oo, —3) U (4, o).

(b) 422 +1 < 4x
Solution:

4x% +1 < 4x
42 —4x+1<0
(2x—-1)2<0

Since squaring a number never produces a negative value and
2x—1=0
2x=1
X ==,
2
the inequality is true only when x = 1/2.
(c) 2z —2?>|z—1]—1
Solution:
Using the piecewise definition of the absolute value,

2x—x2>x—1|—-1

(x—1)—1, x—1=20
2x — x%2 >
= _{—(x—l)—l, x—1<0
-2 x>1
— 2> X ’ =
226 _{—x, x <1
i L x>1
| x2 - 3x, Lt
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Forx = 1,
0=>x%—x—2 - T
0= (x—2)(x+ 1) ‘ ‘
( ) ) q 5
Since x = 1, creating a table and testing values around x = 2,
Interval Test x (x=2)x+ 1 <0or>0?
i< 2 1:5 (-0.5)(2.5) =-1.25 less
x> 2 3 D) =4 greater
Therefore, this inequality is true over the interval [1, 2].
Forx < 1,
0> x2—3x & -
02 x(x—3). 0 1
Since x < 1, creating a table and testing values around x = 0,
Interval Test x x(x—3) <0or> 07
x<0 -1 (-1)(—4) =4 greater
el 0.5 (0.5)(—2.5) = -1.25 less

This inequality is true over the interval [0, 1), therefore, the absolute value inequality
is true over the interval [0,1) U [1, 2] = [0, 2].

6x + 6
d) ———m <
(d) $2_$_2_az+3
Solution:
If.x = —1,
6x +6 N )
_xz—x—Z_x+
6
(x — 2)G—+1)
6 <x+3
x—2_x
6 <(x+3)(x—2)
Cx—2" x—2
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6 <(x+3)(x—2)

= o —i2
=2 x2+x—6 N 6
G2 X2
xZtx
T =2
x 1
< (x+1)
pet—32
N
-1 0 2
. : , - x(x+1)
To determine the solution to the inequality 0 < ——, we must then test values
aroundx = —1,x=0,and x = 2,
Interval Test x x(x+1)/(x=2) < Oor > 0?
x< -1 -2 (=2)(-1)/(—4) =-0.5 less
-1<x<0 —-0.5 (-0.5)(0.5)/(-2.5)=0.1 greater
0 < <2 1 M@/ (-1)=-2 less
x> 2 3 Y@ /(1) =12 greater

Therefore, the inequality is true over the interval (—1,0] U (2, o).

(e) Ve <z

Solution:

Since the cubic function is increasing,

Vx<x
(Vx)? < 2°
gt
0<x3—x
0<x(x?-1)

0<x(x—1Dx+1)
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To determine the solution to the inequality 0 < x(x — 1)(x + 1), we then test values

around x = —1,x = 0,and x = 1, ‘
-1 0 1
Interval Test x x(x—1D(x+1) <0or>07?
o1 =2 (=2)(-3)(-1)=-6 less
-1<x<0 —-0.5 (—=0.5)(—1.5)(0.5) = 0.375 greater
0<x<1 0.5 (0.5)(—0.5)(1.5) = —0.375 less
o> i | 2 2)(DH(3) =6 greater

Therefore, the inequality is true over the interval [—1,0] U [1, o).

(f) 2(x —2)~1/3 — ;:U(x —2)"%3 <0

Solution:

2
2(.95 — 2)_1/3 - gx(x — 2)_4‘/3 <0

2 2x =
(x —2)1/3 3(x—2)*3~

0

3(x —2) 2 2x

3—2) G- 3—2)B > 2

6x —12 2x

o =20
-2 3I@—2)48

6x —12 2x o
3—2)% B2y
4(x —3
A3 g
3(Vx —2)

0

If x # 2, then
x—3<0.

Therefore, the inequality is true when x < 3 and x # 2, so over the interval

(—o0,2) U (2,3].
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Instead, factoring out (x — 2)~%/3,

2
Ble—)=le §x(x — i
6(x —2)"13 - 2x(x-2)™*3 <0
2 —2)" 3 [3(x -2 —x] <0
=2 26| =0

4(x —3)
mso.
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